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FOREWARD .

This document reports on an investigation by The Boeing Company from

June 10, 1966 to March 10, 1967 of the navigation and guidance of a two
stage launch vehicle (hypersonic Stage l/rocket Stage 2) under contract

NAS 2-3691. The Technical Monitor for the study was Mr. Hubert Drake of

the NASA Mission Analysis Division, Moffett Field, California with Co-
monitor Mr. Frank Carroll of the NASA Electronlcs Research Center, Cambridge,
Massachusetts.

The Final Report is prepared in four volumes:
Volume 1 - Summary Report, Boeing Document D2-113016-k4

Volume 2 - Trajectory Parametric and Optimization Studies,
D2-113016-5

Volume 3 - Alternate'Navigation-Guidance Concepts (Phase I),
D2-113016-6

Volume 4 - Detailed Study of Two Selected Navigation-Guidance
Concepts (Phase II), D2-113016-7.

Boeing personnel who participeted in the study reported in this volume

(Volume 2) are D. S. Hague and C. R. Glatt. J. A. Retka was the program
manager. ,

- Acknowledgment is given to Mr. B. R. Bensen of the Air Force Flight Dynamics
Laboratory, Wright-Patterson Air Force Base, Ohio for permission to reproduce
the optimization theory originally developed under USAF Contract Number
AF 33(657)-8829. |
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INTRODUCTION

This study is direccted at deteruining the feasibility, capsbilities, and
limitations of navigation and guidance cystems for a two stage launch vehicle
having an aserodynsmic, air dreathing first stage and a rocket second stage.
The basic mission is to fly a 370% km (2000 nautical mile) offset distance
to the orbital plaue of a satellite, turn into the plane and separate the
second stage which then accomplishes rendezvous of the payload with a target
satellite; the first stage then returns to its base. Phase I, the first
four months of the nine month study, is a cowmparative analysis of alternate
navigation and guidance concepts. Phase II, the second half of the study is
a detailed study of two selected navigation-guidance concepts.

The overall objective of the study is to determine if substantial improvements
in navigation and guidance technology are required or if significant losses
in mission performance occur in carrying out a rendezvous mission with this
launch vehicle. A rescue mission is a typical rendezvous mission that the
Jaunch vehicle is required to perform.

The Final Report for the Study of Navigation and Guidance of Launch Vehicles
Having Cruise Capability has four volumes.

Volume 1 - Summery Report, Boeing Deoument D2-113016-L.
Volume 2 - Trajectory Parametric and Optimization Studies, D2-113016-5

Volume 3 = Analyses and Tradeoffs of Alternate Navigation - Guidance Concepts
(Phase I) D2-113016-6.

Volume 4 - Detailed Studies of Two Selected Navigation -~ Guidance Concepts
(Phase II), D2-113016-7.

This volume reports the work accomplished on development of the nominal flight
profile and is divided into two parts. Part I describes the flight performance
work accomplished in Phase I, snd Part Il gives the trajectory optimization
study results obtained in FPhase II.

The Phase I study was done by parametrically analyzing the Stage 1 flight pro-
file by breaking the trajectory into distinct subarcs or segments; the Stage 1
pullup and Stage 2 trajectory to the rendezvous point was developed using

a steepest-descent optimization computer program. The payload into orbit
capability obtained by this approach was 6,230 kg (13,720 1bs).

The trajectory optimization work reported in Part II was done with a variable
staging point steepest-~descent optimization computer program. The complete
Stage 1 and Stage 2 trajectory from trokeoff to the rendezvous point was
optimized; ignoring the Stage 1 return to base constraint. The resulting
staging conditions were then used as the initial conditions for a separate
optimizetion of the Stage 1 return path. The takeoff weight and landing
welght of Stege 1 were specified. Staze 1 fuel savings were converted to pay-
load in orbit. The payload in orbit performance carability obtained with this
approach was 8,022 xg (17,690 1lbs). This is a 29% increase in performance.

SHEET 1
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1.0

2.0

PART I. PHASE I TRAJECTORY STUDY RESULTS

FLIGHT PERFORMANCE

The objective of the Phase I flight performance studies was to define
the launch vehicle operational techniques which minimize mission
performance losses a.nd/or reduce complexity in the navigation and
guidance system for a 3704k km (2000 NM) offset rendezvous mission.
The 9,270 km (5000 NM) cruise mission is also investigated. The
approach involves the determination of the maximum performance

by classical methods with the specified vehicle characteristics and
perfect guidance and navigation. The perfect guidance and navigation
system as used here is one which duplicates the specified mission
profile exactly with no mass penalty. The performance of a real
system then is measured in terms of system mass and fuel/propellant
penalties, converted to orbital payload penalty. The specified
mission profile was determined within the following design constraints.

Stage 1

Maximum Mach Number 7

Meximum Dynamic Pressure 95,760. N/ (2000 psf)
Maximum Propulsion System 1, 379,000. N/ ( 200 psi)

Internal Pressure

Meximum Normal Load Factor 2.5

Maximum Sonic Boom Overpressure 143.6 N/M? ( 3 psf)
Stage 2

Maximum Dynamic Pressure 9,576 N/M2 (200 psf)

Figure 1-1 shows the applicable vehicle constraints as a function
of Mach number and altitude.

The gross welght and empty weight were specified by the statement

of work. Fuel and payload were traded using appropriate exchange
ratios for orbital payload as described in Appendix Al of D2-113016-6
(Volume 3).

NOMINAL VEHICLE CHARACTERISTICS

The vehicle under consideration is an earth-to-orbit launch system
composed of an aerodynamically supported air-breathing first stage

and a ballistic rocket second stage represented schematically in
Figure 1-2. The first stage structure is made up of nickel alloy

heat shields and aerodynamic control surfaces, high temperature
insulation and titanium load carrying structure for wing and body.

The propulsion system consists of subsonic burning liquid hydrogen
turboramjets with sea level static thrust of 1,220,000 newtons

(275,000 1bs.) Thrust and specific fuel consumption data are described

SHEET »

U3 4802 1434 REV ., 8~-65




D2-113016-5

NUMBER
REV LTR

e BPEPLELFTES comrany

. IeqEON YOWH

(0°L)
*O WITH ————rr

738 opusuAg
. T=T 2INI T4

SINIVYISNOD FIOIHIA

‘94 000T - SPMITITV

vg.ﬂ ,

TVISALYW NILLIIM3JAL ON — ONIINIYdANYH ONY ONIMYIG 304 3SN

SHEET 3

U3 4802 1433 REV. 6/65



NUMBER D2-112016=5

REV LTR

THE ﬁ&ﬁﬂ’ﬁfﬁz COMBPANY

STOTYSA ISTIID I0F OCE ‘692 » Wﬁl\\v

$6°0 M/I SIS
€1 %14 SO TWRULpoIay
; A I AL Qﬁﬂ:v eaxy -Joyg
! *"QT ooe‘oge $MO
QT 000005 BT 890ID
‘sqr o2Llet peoTdsg
) . IaYLRTQITY ~ T 6899
50 VALY %
8098 7y asndmy ofyroadg omp L,
£i*0 JUSTITII0) Bui| \m\\\x/\f\ ~
m.uaq. 2020 (esmg) maxy -Jay \.xwm\.,\\wvx.,. u
Qr 52CT *34 T9uT iy
"q¥ 005 ‘6T “34 WINQ.I83G =
//‘(‘llu\\
Y - & 59e3g \\\\
L e ¥

PrOTAR] POUNEUN)) JO DOUUT @

33v3g PUOIEG PAIIMOJ 19300Y ®

88858 ISITd BuTylBAIQITY .dmuhommzw. AITeoTURRUAPOIDY @

] w3 sAg YOUMW] 2Tq10-03-Y3aed 38eIS oK @
- 2-T ity :

NOTLVHNDTANOD FIOTHAA TYNTWON

i

TVIHILVW NILLIIMIdAL ON — ONIINIYdANYH OGNV ONIMYYA 304 3sn

HEET &

o
~

U3 4802 1433 REV. 6/65




USE FOR TYPEWRITTEN MATERIAL ONLE

NUMBER D2-113016-5

BLOEL/SE commany REV LIR

300

in Reference 1. The pecond stage is an expendable liquid oxygen/
liquid hydrogen rocket vehicle with start burn thrust-to-welght

ratio of 1.5. The vacuum specific impulse is specified to be 420 sec.-
The structural welght is considered to be 13.3% of the propellant
veight as implied by the work statement. The configuration geometry
is as follows:

Stage 1

Length 87.78 M 288 ft.)' 3
Body Volume (Sears-Haack Shepe) 17251.68 M 56,600 ft. )*
Wing Planform (edges extended to

vehicle center line) 1905. M ( 6’?50 fe. )
Wing Aspect Ratio (Delta Planform ) 1.455 1.455
Wing chord thickness ratio . «0b O0b

%312 feet, 71,500 ft3 for eruise vehicle

Stage I1

Length 32.6 M 107 n,g
Diemeter 2.7 # 8.9 ft.),
Reference area , 19.0 62.2 £t.°)

The aerodynamic data for the first stage vehicle is shown in Figure
1-3. It is based on the cruise vehicle but is considered satisfactory °
for the boost vehicle as well. The drag coefficient of the second
stage was assuged to be 8, constant value of 0.13 based on the referenr~
area of 19.0 ;2 (62.2 rt. ) ;

The vehicle characteristics were taken directly from the specification!
for the study and supplemented where necessary with reasonable assump-
tions. No attempt was made to improve or alter the prescribed data.
Trade studies considered ro feedback on vehicle characteristics. P~
ther vehicle configuration date are given in Reference 2 and 3. '

NOMINAL MISSION

The nominal mission is an offset mission where the hydrogen fueled,
turboramjet powered, aerodynamically supported first stage transports
an expendable I.O/i{E rocket to a launch plane 3,704 km (2000 nautical
miles) from the take off base, provides a launch platform for the
upper stage, then returns to base. The ground track and velocity-
altitude profile are sketched in Figure 1-4. A mission performance
sumary in terms of welght, range and altitude follows:

SHEET S
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MISSION FPERFORMANCE SUMMARY

Weight Range Altitude

conititdn kg Lbs. - ONM. m Ft.

Take off 227,000  (500,000) 0 0 0 0

Cruise/Turn 203,000 (447,750) 750 405) 28.3 i 92,600)
Pullup 177,000  (391,200) &,100 2,216) 29.2 95,600)
Staging 176,000 (387,8%0) 4,230 2,316) 38.9 (127,500)
Turn/Cruise 118,000 (260,200) 4,470 (2,416) 31.9 (10%,500)
Descent 105,400 232,300) 17,280 (3,934) 32.6 (107,100)
Landing 104,500 230,200) 8,L00 (k,534) 0 o}

Staging 57,000  (125,600) -- -- 38.9  (127,500)
Insertion 12,200% ( 26,890)*  -- -- 486. (1,593,000)

#Payload = 6,230 kg, (13,720 1b.)

Alternate missions include 1852 km (1000 N.M.) and zero offset missions as well
as the 9,260 km (5,000 N.M.) cruise missions. These missions are sumarized
in Figure 1-5. The ground tracks for the several missions are shown approxi-
.mately to scale for comparison. The weight summary for the Phase I parametric
performance study shows & maximum orbital payload of 9,250 kg (20,390 1b.)

in a zero offset orbit as compared to 6,220 kg (13,720 1b.) for the nominal
mission. The.payload for the cruise mission is 18,200 kg (40,200 1b.).
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4.0
k.1

k.2

4.3

Stage i Parametric Study Resulis

Tekeoff

The flight profile begins with the start of the ground run attime zero.

"No fuel allowence is made for warm-up or taxil purposes. Low angle of
‘attack is used for ground roll accecleration. Ground rotation to 35

degrees angle of attack is assumed to occur at 120 percent of the stall
speed. Fifteen (15) degrees is considered the maximum angle which

allows launch vehicle tail clearance. No high 1ift devices were con-
sidered. The take-off angle of attack is held until 16 degrees flight path
angle 1s reached. This flight path angle 1s maintained until the vehicle
reaches 305 meters (1000 feet) of altitude where level flight is established
and a 180 degree turn is initiated.

Climb/Acceleration

The assumed minimum fuel climb/acceleration profile is defined by the
sonic boom overpressure, the dynamic pressure limit and the design Mach
number. The fuel requirements and trajectory characteristics for this
flight phase were determined by a 20 point mass trajectory program
utilizing & velocity-altitude flight plan programmer. Other velocity-
-altitude profiles in the region of the boundary were investigated but
no more economical path was found which satisfied the inequality con-
straints.

Cruise/Turn

The cruise/turn path segnent starts after climb-acceleration and continues
through the turn into the target orbital plane. The cruise phase was
studied for two ramjet sizes. First, the ramjet was sized for accelera-
tion under the criterion of minimum excess thrust at the end of the
climb/acceleration phase.

T-D

w = 0.15

at 24.7 km (81,000 feet)‘

where:

T = thrust
D = drag
W = welght

This 1s the criterion normally used for airbreathing launch vehicles

vhen hypersonic cruise (i.e. launch offset) is not required. 1In this
case the crulse and turn were performed at constant altitude corres-

ponding to the eltitude at the end of the climb.

SHEET 10
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In the second case the ramjet was sized for cruise at optimum
altitude with no excess thrust.

T-D
W

at Cruise Altitude

=0

Since flight at Mach 7 requires s fuel ecuivelence ratio of at least
unity for inlet cooling, no performance advantage is expected for
throttling. Therefore, the above criterion is expected to yield

the minimum fuel usage for cruise. The larger ramjet also hes significant
performance advantage in the acceleration phase.

Several alternatives to the cruise/turn grcund rules vere considered
including (1) cruise at optimum altitude and sacrifice of speed in the
turn, (2) cruise at optimum altitude and sacrifice of altitude during
the turn or (3) cruise at the lower altitude necessary to obtain

minimum fuel for crulse plus steady stete turn. For the first alternative,
it was assumed that the vehicle would be reaccelerated after the turn.

It is shown in Appendix A2 of Volume 3 that loitering time delay in the
target plane is very expensive in terms of payload penalty so any turn
technique involving loss of speed has been ruled out. For the second -
alternative, the altitude is reduced during the turn. It wes shown

in Phase 2 studies that this may be the way to perform the turn because
of the improvement in Stage 2 performance resulting from the Stage 1
energy gzin at staging by this method. The third method holds some
promise because the cruise efficiency has a low sensitivity to change in
altitude at the optimum cruise altitude while the load factor capabillity
i1s quite sensitive under the same conditions. To demonstrate this trade,
the minimun fuel cruise/turn was determined by performing the cruise and
turn at various increments below cruise altitude. The results are shown
in Figure 1-6 for 1852 and 3704 km (1000 and 2000 N.M.) offset missions.
These results did not take into account the climb to cruise altitude fol-
lowing accelersation.

Sensitivity studies of the effects of heading change on mission per-
formance indicated possible grins by altering the ground track. The
results of an investigation of cruise heading angle for minimum total
Stage 1 mission fuel usage is shown in Figure 1-7. This figure shows
changes in fuel requirements for changes in outbound cruise heading
from the zero heading path. It can be seen that as relative heading
angle is increased the extra fuel used for the outbound cruise is
more than compensated by the fuel saved on the inbound cruise. This
results in a desired relative heading angle of 12  for the 3704 km
(2000 N.M.) offset mission. Under the same conditions with 1852 km
(1000 N.M.) offset the best outbound relative heading angle is 260 West.

SHEET 11
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NOTES:
1.

FUEL FOR CRUISE PLUS TURN
CRUISE ALTITUDE KrDUCTION

FIGURE 1-6

Engine sized for cruise

2. Equivalence ratio at 7000 FPS -~ 1.0

3.

Data does not include fuel for climb/acceleration
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INCREMENTAL FUEL - 1000 kg

MINIMUM FURL OUTHOUND HFADING ANGLE

FIGURE 1-7
5
NOTES:
l. Staging Maneuver Range Allowance
370 KM (200 NM)
2. Turn Redius - 618.6 KM (334 N.M.)
b 3. launch Vehicle Velocity = 2134 M/S
(7000 FPS) )
k., Target Vehicle Velocity - 7916 M/S
(25,980 Fps)
3
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Post Staginz Maneuver

The recovery of the stage 1 vehicle following staging is a difficult
problem. Ir its simplest definition, the trajectory follows a de-
celerating cocast to apogee, then an accelerating descent back to
cruise altitude and velocity, where the turn to the return-to-base
heading is initiated. This method has been used for the nominal
profile. 185 km (100 IM) of ground track range wes covered during
the recovery. A more efficient means of performirg a combirnation
of recovery and turn-to~-base 1s developed in the ‘Phage II trajectory
study results. )

Descent and Deceleration

The turn to base and cruise back were performed in a manner similar

to the cruise out and turn into the target plane. The descent was
flown at maximum lift-to-drag ratio and idle tlrust after an initial
deceleration to this velocity-altitude profile.
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5.0

Stage 2 Ascent to Orbit

Second stage bocst commences with separation from the launch vehicle.
The velocity, altitude and flight path angle at which staging should
occur and the ensulng Stage 2 trajectory have been studied with a
fixed stage time steepest-descent computer program.

In the absence of atmospheric effects an efficient means of achieving
circular orbit is with a Hohmann transfer orbit; a low perigee altitude
for the transfer orbit gives the most efficient operation of the booster.
At some altitude, the decrease in velocity losses due to gravity are
offset by the increase in velocity losses due to aerodynamic drag.

Drag losses can be reduced by inserting in the transfer orbit at a
positive flight path angle. In this cage the transfer trajectory has

a central angle change of less than 180",

The Stage 1 pullup and Stage 2 ascent to rendezvous were optimized as
a unit. The end constraints were defined by a 485 km (262 nautical
mile) circular orbit. The initial conditions were Stage 1 level

flight conditions at Mach 7 and 24.7 km (81,000 ft). Initially, no
inflight constraints were used because it was uncertain which con-
straints, if any, would apply. The velocity-altitude profile is shown
in Figure 1-8. :

The unconstrained solution shown in Figure 1-9 4indicates the desired
transfer orbit insertion conditions are

Velocity = 8,000 M/Sec. (26,190 fps)
Flight Path Angle = 0.64 deg.
Altitude = 74,200 M (243,200 ft.)

These data confirm that the optimum transfer orbit is not exactly a
Hohmann transfer.

The unconstrained optimum trajectory showed dynamic pressure at staging
to be & problem. Constraint of the dynamic pressure to 9,576 newtons
per meter (200 psf) at staging resulted in a payload penalty of 159 kg
(350 pounds). This trajectory is shown in Figure 1~10. Rapid changes
at the beginning of this trajectory indicate a more efficient maneuver
may have resulted if the first stage effects are investigated further.
This has been done in the Phase 1II studies.

Phase I analysis of the effect of increasing the altitude for initiating
the first stage puwllup indicated a payload penalty would result. Distinct
payload advantage has been shown to result from both cruising at high
altitude and initisting pullup from lower altitude. Therefore a
decreasing altitude turn which would take advantage of the higher cruise
altitude and lower staging initiation altitude while shortening the
effective cruise range seems to suggest a more efficient operating

mode. Further investigation of this interaction was accomplished during
Phase II studies.
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6.0 CONCLUSIONS:

The methods employed in the Phase I trajectory study represent the
classical spproach to mission analysis. That is, the mission is seg-
mented into subarcs and these subarcs are analyzed in isolation. The
analyst then considers trades which hold the most promise for performance
gain and selects the most efficient result. The nominal trajectory
established by the Stage 1 parametric studies and the Stage 2 partisl
optimization results were used as the reference for the Phase 1
navigation-guidance trades reported in Volume 3, D2-113016-6. These

. results were the starting point for the more complete optimization

studies performed in Phase II and reported in the following part of the
report.
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PART ITI. TRAJECTORY OPTIMIZATION STUDY RESULTS

1.0 INTRODUCTION

The past decade has seen the accumulstion of a wealth of information
on the operational and performance characteristics of vertical ascent
launch vehicles. A similar background for rscoveradble launch vehicles
having cruise capability has yet to bte developed. Recent developments
in the field of flight path performance analysls utilizing numerical
optimizetion techniques offer means for rapidly acquiring a similar
store of information for these vehicles. This section is devoted to
the study of one cruise leunch vehicle mission, a 3704 km (2000 M)
offset launch to orbital conditions. The vehicle consists of two
stages. The first stage of the hybrid launch system is a lifting
turboramjet vehicle capable of horizontal takeoff and hypersonic
cruise. The second stage is an expendable rocket.

Flight path analysis of this vehicle presents several unusual problems.
The mission involves two distinct sets of terminal constraints. The
first stage cruises out to some as yet unspecified point, releases

the second stage, end returns to base. Following release the second
stage ascends to orbital rendezvous conditions at a prespecified point.
The optimization problem is to maximize the orbital payload, while
satisfying the above double set of counstraints. Atmospheric flight
problems of this complexity can be solved only by numericel techniques.
The present approach is based upon the steepest descent method, Re~-
ferences 1 and 2.

Some insight into the staging problem can be zzined by a breakdown
of the trajectory into distinct subarcs or segments. For example,
one might define an initial acceleration and ascent to cruise
conditions, followed by & cruise segment, a turn into the desired
orbital plane, and a final pullup maneuver to the staging point. The
second stage flight profile can then be determined by the iterative
guldance technique, Reference 3, or other appropriate techniques. The
Stage I return can be handled by conventicnal methods. Using such a
model, the staging point can be obtained by parametric analysis. An
approzch of this nature was folloved in Fhase I of the present study,
but does not provide optimum performance.

In Phase II a steepest descent algorithm uvtilizing simultaneous per-
turbation of the control iaistories and the staging point was used to

" obtain the optimal trajectory. A generalized algorithm of this type
is presented in Reference 2. Solutions utilizing this algorithm have
previously been reported in Reference 4 for less complicated missions.
A computer program embodying this approach was constructed within the
framework of the program of Reference 5, and applied to the present
mission. The optimal Stage I/stage II ascent to orvit was determined
as a8 single optimal staging problem, 1lznoring the Stage I return con-
straint. The resulting staging conditions were then used for the
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Stage I return. This segment was optimized as a single stage
problem in isolation from the remsinder of the mission. Useful
follow-on research would be the development of an optimization
program, spccifically tailored to the reguirements of a multi-
vehicle launch system.

The pext three sections of this rerort presents the theory of the
steepest-descent methods. Section 2.0 covers optimization of a
single stage trajectory. Then, Section 3.0 extends the results-

to the optimization of a multi-stage trajectory where the location
of the staging points is included in the characteristics being
optimized. Section 4.0 discusses convergence of the steepest
descent method. This theory was originally presented in Reference 2.
It has been reproduced here since it is the basis for the trajectory
optimization work done in the current study. The reader who doces
not have the time to review the theory should turn to Section 5.0

on page 52 where the presentation of the trajectory optimization
results is started.
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2.0 THE STEEPEST DESCENT METHOD FOR A SINGLE STAGE TRAJECTORY
2.1 Problem Statement

The analysis of single stage trajectories by the steepest-descent
method has been thoroughly treated in the literature. One of the clearest
treatments available is that of Bryson and Denham in Ref. l. For con-
venience and as aa 8id in the understanding of the optimal staging method
of the following section, the analysis will be repeated here.

Point mess motion is governed by three second order differential
equations of position together with a first order differential equation
governing the mass. By suitably defining additional state variables,
it 18 possible to reduce these equations to a set of first order differ-
ential equations'. *  We can therefore consider point mass
wotion to be governed by a set of first order differential equations.
The form of these equations is

| %in(t* - ’fécn(t), ag(t), t)z | 2.1.1

n-1,2..-.....N

h=1,2..-.
That 1s, we have N state variables whose derivatives #p(t), ere
defined by N first order differential equations involving the

- state varisbles, together with M control variables, ay(t), and
t, the independent variable itself.

- We may wish to constrain a set of functions of the state
variables and time to particular values at the end of the trajec-
tory. In this case a get of constraint functions of the form

| §¢p$= ;wp(xn(fr), r)fw | a2

p“l,aoo..oo.P

can be constructed, which our final trajectory must satisfy. ”Any
one of the constralnts may be used as a cut-off function which,
when satisfied, will terwinate a particular trajectory. The cut-
off function can therefore be written in the form

n-n(xn('r), 'r) =0 | ' 2.1.3

and determines the trajectory termination time T. In all then,

vhen the cut-off function is included, we have P + 1 end con-
straints.

Finally we may wish to optimize some other function of the
state variables end time at the end of the trajectory; hence a
pay-off function

=4 (xn(w),' T) | 2.4

can be constructed, which is to be wmaxdmized or minimized.
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Now suppose that we have a nominal trajectory available. The
requirements of this trajectory are modest; it must of course, satis-
fy the cut-off condition, Eqn. (2.1.3), but it need not optimize the
pay—off function or satisfy the constraint equations. To generate this
nominal trajectory by integrating Eqns. (2.1.1) we will need to know
the vehicle characteristics, the initial state variable values, and &
nominal control variable history. Having obtained a nominal treajec-
tory we are now in & position to apply the steepest descent process.

To do this we seek the trajectory showing the greatest improvement in
the pay-off function, while at the same time eliminating & given amount
of the end point errors as measured by Eqns. (2.1.2), for a given size
of control varisble perturbation.

Eqns. (2.1.2) provide an end point error measure for they will
only be satisfied if the end points have been achieved. Therefore
any non-zero. ¢p represents an end point error which must be corrected.
As a convenient measure of the control variable perturbation we can de-
fine the scalar quantity .

l&a(t)J [W(t)]géa(t.)i dt | | 2.1;5

where W is any arbitrary symmetric matrix. In the usual case W 1is
taken equal to the unit matrix and DP~ then becomes the integrated
square of the control variable perturbations, da(t). It might be
noted that it is essential, for Egn. (2.1.5) to have any meaning,
that all control variables have the same dimensions. To meet this
requirement we will henceforth require the control variables to be
non-dimensional.

w2 -

o

The constraint on control variable perturbation size represented
by Eqn. (2.1.5) is an essential element of the steepest descent pro-
cess. For we will be secking the optimum perturbation by a local )
linearization of the non-linear trajectory equations about the nominal
trajectory. To ensure the validity of the linearized epproximation,
ve must limit ourselves to small control variable perturbations by

using Eqn. (2.1.5) which provides an integral measure of the local
perturbation magnitudes.

2.2 Single Stage Analysis

An outline of the steepest descent process has been given in
Section (2.1). To implement this method we must carry out an analy-
sis of all perturbations about the nominal trajectory. In the present
report all perturbations will be linearized; that is, we will assume
that only first order perturbations in the control and state variables
need to be considered. Our task will be completed when the optimum

cantrol variable perturbation, in the sense discussed in Section (2.1),
has been found.
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Iét us denote varisbles on the nominal trajectory by a bar, thusly:
iam(t)‘ nominal = zzm(t)z _ | 2.2.1

and
33&,(‘5)}“001!1&1 . iinmi 2.2.2

where we have M control variables and N state variebles.

Now consider & small perturbation to the control varieble history,

‘da(t); this in turn will cause & small perturbation in the state vari-

able history, éx(t). The new values of the variables will become

\ ia(t); =i§(t)§ +’6a(t)£ e | | 2.2.3 -

gx(p’);_ - z'i(t)z : gﬁx(t)t 2.2

We can also write the nominal state varieble and perturbed state
variable histories as

{i'(t)} . {x(to)} + S:o {f<; (t), @ (t), t)} dt» | 2.2.?
,{x(t.)} = {X(f—o)} + S:o {f(f +8x, a +da, t)} at | 2..2'.6'

Subtracting Eqn. (2.2.5) from Eqn. (2.2.6) and using Ta.ylor 8
expansion to first order,

{x(t)} - {Sc'(t)} = S: {%% . 8xP 4 g‘% . 6am} at = {5x(t)} 2.2.7
[o] .

where:

T=r (i'(t), a (t), t) | ‘ 2.2.8

and where the repeated index indicates a summation over all possible
values. Differentiation leads to

9%- 6x(t)§ ‘;3‘% 5xD + 9T pa® 2.2.9a

dag,

or in matrix form

g%- {ax(t)} . [F] {5x} + [G] {5a} | | | 2.2.9b
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wvhere: _
K oty
and Gyy = =

Here the (1,))'" element lies in the 1M row and JB column of the
matrices; F is an N x N watrix and G is an N x P matrix.

' We must now find the effect of these perturbations on the pay-
off, cut-off and constraint functions. A general way of obtaining
these effects, known as the 'adjoint method', Ref. 2, is to define
& new set of variables by the equations

[i(t)]= -[F'(t)] '[x(t)] | ‘2.2.11

By specifying various boundary conditions on the A, the
changes in all functions of interest can be found in turn. To
show this ve commenge by pre-multiplylng Fgn. (2.2 9b)by A' and
Eqn. (2.2.11) by éx , transpose the second of these equations and
sum with the first, giving

] [lfeef + 1
i %M [m fof

vhich may be written as

;g (\ Gx)f [ ] [ ]{&x} | 2.2.13
Integrating Eqn. (2.2.13) over the trajectory we obtain
{A.sx} - {A'ax}t = ST )\]’[G]{éa} dat 2.2.11&.
T o t

We will now define three distinct sets of A functions by applying
the following boundary conditions at t = T

601

.2.12°

N

{X(T)} ;gfi ={>\¢(T)} | 2.2;15&

(X(T)} ;axi ={>\9(T)} . - 2.2.15
T :

[)\(T)] . [gxii . [)\‘L(T)] | 2.2.15¢
T

We may directly integrate Eqn. (2.2.11) in a reverse direction -
(i.e., from T to ty) to obtain the functions, {kd,(t)} { kﬂ(t)}

RVONE

Substituting each of these functions into Eqn. (2.2.14) in turn
and noting that
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2(T) {JX} = 93]{“}‘ o¢ 2.2.16a
(Mot ] | ax teT
= | 92 |fox }= 50 o
.AQ(T)‘{sx} LaxJ{ o 2.2.160
-l - —~ ; . ’
' _ a‘l’i }_{ }
_Xw(i‘)_{sx} = LKJ_]{&‘ ¥, o 2.2.16¢
ve obtain :
T .
‘¢t=’l‘ ‘St [kd,J[G]{&a} dt + L)“ﬁ( to)J {Jx( to )} 2.2.17a
0
T [ .
8y n = [AQJ_G]{JQ}dt +L)\ﬂ(t°)J{6x(to)} 2.2.17b
() . .
w} T R o
= =S [x,,;] G]{aa}dt +1A w(to)] {.sx(to)} 2.2.17c
to L L
Now,Eqns. (2.2.17) would give us the changes in the pay-off
function, cut-off function and constraint functions,if they were
measured at the terwinal time of the nominal trajectory; however, on
the perturbed trajectory the cut-off will usually occur at some per-
turbed time, T + AT. In this case the total change in the above
quantities will become
T - ' . 3
aé =S LX¢J[G {6a}dt + l_x¢(to)J{ax(to)} + ¢(T) AT 2.2.18a
g Jv
. - . .
an ‘SS lxﬂJ[c {&x} at + l_)\Q(to)J {ax(to)}. + 4(T) AT 2.2.18p
to o :
T ] ] .
{d }= S [xw] [c ]{5a}dt + li)\‘/,(to)] {6x(to)} +{¢ (T)}AT 2.2.18¢
s ,
Eqns. (2.2.18) give us the changes in pay-off, cut-off and
constraint functions on the perturbed trajectory. '
We can eliminate the time perturbation in Eqns. (2.2.18a) and
(2.2.18¢c) by noting that, by definition of the cut-off function,
Eqn. (2.2:18b) must be zero.
2.2.19

,..;AT . o1 - S:L)‘QJ[G]{M} at + txﬂ(to)‘l{ax(to)}

Substituting Eqn. (2.2.19) into Eqns. (2.2.18a) and (2.2.18c)
results in .
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dao¢ =Si lN‘QJ te] {Ja }dt + !L"‘i’ﬂ(tO)J {éx(to)} | 2.2.?08-

{d‘% =£o[xm] [G]{aa} at + [xm(to)] {6x(};o)} | 2,200

{)‘w}f {A,,,}‘ ;%{AQ} ' ' | - '2.g.g1a

[wn]= [M] ol bl T)( )"9 ‘ | 2.2.21
a(r | | '

Eqns. (2.2.20) reveal the significence of the A functions, origin-

ally defined by Eqns. (2.2.11) and (2.2.15). At time t_, \pq glives

the sensitivity of ¢(T) to small perturbations in the State vari-

ables at ty  Similarly, A, o(t) measures the sensitivity of ¢(T) to

small perturbations in tne state variebles at any time t. The

sensitivity of the constraints d¥ to small state variable pertur-

bations at any time is likewise defined by each row of the function Awﬂ(t)'

A measure of the sensitivity of a trajectory to a perturbations
can be obtained from the quantities )\¢QG and A QG. Suppose we have
a pulse type of a perturbation at time t', that is 4(t-t'), where
é 1s the Direc delta function. With this type of control variable
perturbation, it can be seen from Eqns. (2.2.20) that the changes on
the pa.y~off and constraint functions will be Ay (') « G(t') end
Wt' . G(t'), respectively, for fixed initiag conditions.

In order to apply the steepest-descent process to our problem,
ve must maximize the ¢ chenge, Eqn. (2.2.20a); subject to a speci-
fied change in the constraints, Eqn. (2.2.20b); and a given size of .
perturbation to the control variables, Egn. (2.1.5). This can be
achleved by constructing an augmented function in.the menner of
Lagrange and maximizing this instead of d¢ . For our problem the
augmented function is )

ﬁ )‘¢Q [G] {5 }dt + l_xm(to)_l {6){(1’.0)}

elff, Dol ] e Busteol]” el _.
R S 1 T

Q
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where the 'y are P undetermined Lagrengian multipliers and ‘u 1s a
single undetermined Lagrangian multiplier. We wish to find that
variation of the control variable history which will maximize U.

Suppose we teke & variatica of Ja, that is a §(8a ). Then
we can always write esny da distribution in the form

{saf={n0)} x, or |3a] - I_A(t)Jk - 2223

where A(t) prescribes the perturbation shape and k its magnitude.
We can write that part of Egn. (2.2.22) which depends on éa , the
perturbation in the conirol variable, in the form.

U= kSl&QJ[G]{A(t)} at +kLuJS:L)\ ¢,n]'[6]{A(f)} .dt

+ kapS::l_A(t)J[W]{A(t)} dt : o  2.2.24
o . A . :

+ ek“S:OLA(t)J [w] {A(t)} at | .. o 2.2.25
8T = 2o ] [G]{ak . A(t)} +LVJ[x¢Q]'[G]{5k ) A{t)}_

+T2yl_k . A(t)_[ [w] {6}: . A(t)} at

. wa_[[c] + LVJ[xW]'[G} + 2pL8aJ[W] {6(50: )} at  2.2.26
vhere we ha:: noted from Eqn. (2.2.23) that

§(da) = A(t) 8k 2.2.27
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Now as Eqn. (2.2.26) holda for any A(t), it follows that 11: is
a general relationship. Further for U to be an extremal, 5U must
be zero.

If we have maximized U by means of a control variable perturba-
tion da , 8U must be stationary for all small perturbations to the
3a , that is for all §(ba ). The only way in which Eqn. (2.2.26)
can be zero for all 3(da ) is for the coefficient of 5(da ) to be
identically zero. That this last statement is true follows from con-
sidering the case where, over some finite time Interval between to &and
T, the coefficient of &(&a ) 1is say,positive. If this were the case

‘ we could choose a &(da ) distribution that wes also positive in this

same interval and zero elsewhere between to and T. It would follow
that §U was also positive and hence U could not be maximum. A similar
argument holds when &( éa ) 1s negative over any intervel in t, to T.
Hence the coefficient of &( da ) must be identically zero in the whole
interval t, < t < T. Thus,ve can write

u*“’“J + le [xw]][c} = —2pL6&J[W] : 2.2.28

Transposing, noting that W is symmetric, and solving for éa , we obtain

{sa}- - ’%‘;["]-1 [G].{{"m}* [WQJ{ g }} | | 2.2:29

Substituting Eqn. (2.2.29)1into Eqn. (2.2.20b) gives

foo} - - Ff{mebe [} -
o} - Braa] s e
e S D Tl (e T
o S LA 0T LTl

Ty~ STL w [ ][ ]’1[ ]{ }dt | 2.2.'l31c
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We can express » 1n terms of u from Eqn. (a.é.aoa):‘ , ‘

e L |
Substituting Eqa. (2.2.29) into Eqn. (2.1.5) we obtain |

o e L} L S Ll ) e
poete s e i 1 i e

- (e e Ll L) Bl

Substituting Eqn. (2.2.32) in Eqn. (2.2.34), and noting that [IW]-I 15
symmetrical, gives :

o 1 (1[5, (e v o] [ o) 2
So ‘that A '

2u= iV]Idsqs- 1ye) [Tyl 1Tyl | 2.2.36
YD -8B [Tyy] ™ {o8] |

Substituting Eqn. (2.2.36) into Eqn. (2.2.32) we obtain the remain-

ing Lagranglan multipliers in the form

b e T R R )] e

The optimum control perturbation is found by substituting Eqns.
(2.2.36) and (2.2.37) vack into Eqn. {2.2.29) and is

e T [ Do [ 1)

X \\/ pP? - wag) [1yy]? (gl
Too = LTye) [Tyl {144l

[ [ oal [ o9} ea
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With this equation we have achieved our object. Perturbing the
control variables according to Eqn. (2.2.38) will give us the optimum
change in the trajectory as discussed in Section (2.1), with the added
effect of changes in the initial value of the state variables included
through the term in 48 . We can determine the appropriate sign to use
on the first term of Eqn. (2.2.38) by evaluating d ¢ . Substituting the
optimum a perturbation into Egn. (2.2.20a) results in

oo- (e Lol D ) (2 o] [ )
L [Iw}l{dﬁ}_ eraqtta)] { axteol} 223

As the quantity in the radical must be positive to assure that
the change in ¢ is real, we see that the negative sign must be taken
vhen minimizing the payoff function and the positive slgn when
maximizing the payoff function.
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3.0 OPTIMIZATICON OF A MULTI-STAGE TRAJECTORY

3.1 Introduction

It 1is not unusual to enccunter trajectories in which some of the
state variables, or state variable derivatives, have a discontinuity
for some value, t!, of the independent variable, t. Such a point
will be called a stage point, and we shall say that the portion of
a trajectory preceding a stage point is in a different "stage” to
that following the stage point. The first stage will be that portion
of a trajectory lying between ty and the first stage point; the
sth stage will be that portion of the trajectory lying between the
(s-1)th and sth gtage points. The final stage will be that portion
of the trajectory lying between the last stage point and the final
cut-off time.

It will be convenient in the énalyais of this section to define

" & new independent variable to replace t. This new independent
. variable, the stage time 7, will be defined separately for each

stage in the following manner. Let the sth stage commence at time
t3.) and terminate at time t§. Then,

e " t - t;_l - : | - ' 3.1
80 that when

tmtl, =0 ' 3.1.2 -

,

The termination of the sth stage will be determined by some cut-off
function (14, assumed to be of the form

nB - QB( X(TB), TB)’E 0 '_ 3.103.
where T, 18 the stage time at cﬁt-off.

The analysis of Section (2) no longer holds for a staged tréJec-"

tory, unless the stage points are determined by cut-off functions of
the form o

QB(TB) = 0 3-loh
That 1s, the stages are of fixed length in the independent variable.

For suppose the nominal trajectory has an sth stage lying in the4
region '
t;-ls t < t; . . s 30105

Then on the perturbed trajectory, unless the sth stage and the (s-1)th
stage ere terminated in the manner of Eqn. (3.1.4), the sth stage
will occupy the region ‘

.
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tiy v ALl < S tl+ Avg . . 3.1.6

by virtue of the perturbations in the state variables. This, in turn,
will mean that our estimates of the optimum a-perturbation together
with the corresponding payoff and constraint function changes, will
be in error due to the fact that the F and G matrices are incorrect
in the reglions between

(t2_1, tay +085,)

and
(v3, £ +4¢))

In such a situation, a new factor enters the optimization problem,
for it may be that we can exert some control over the position of
all or some of the stage points. In this case, we seek to find, not
Just the optimum control variable perturbation, but rather the optimum
combination of control variable and stage point perturbations, when
considered simultaneocusly. Our objective in the following section
will be to obtain this optimum combined perturbation.

3.2 Changes in Payoff and Constraint Functions in Combined Perturbation

Given a nominal multi-stage trajectory, suppose we simulteneously
perturb the control variable histories and the stage point positions,
throughout the whole trajectory. Considering the first stage, the
effect of this combined perturbation, when the stage terminates, will
appear as some modification in the state variables values. This
perturbation in the first stege final state variable values may be
looked upon as a perturbation in the initial state variable values
to the second stage. The combined effect of stage point, control
variables, and Initial state veriable perturbatlions in the second stage,
will be to produce a perturbation in the state variable values at
the second stage termination, and we may proceed in like manner until
the last stage is reached.

x
lt ) 6xa(T8+ ATS)

n

Q

] .

d e
.
14 rturbed trajectory [
PRI pe e ec
HE -
5l
i3

nominal trajectory
g0 ATg
] '3 M
e
e .
‘ . Tg ptaée time
0 Sketch A.  Perturbationa in the e'h gtage ’
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Consider now, the last stage. The result of the trajectory per-
turbations aheed of it will appear solely as an initial state variable
perturbation. We can therefore find the optimum combined perturbation
along the whole trajectory by optimizing the last stage with initiml
state variable perturbations which are a function of the previous
stage perturbations.

We commence this task by consldering the gth stage on the per=-

turbed trajectory. As noted sbove, the effect of perturbations in

all the stages preceding the sth vill appear as some perturbation
in the initial state varisble values to the sth stage, say &xg.

Suppose the sth stage is terminated on the nominal trajectory by

gome function of the form

Q= 95(1(‘1‘5): 'rs_)“.; ) | 3.2.1

Then, provided we use the stage time 15 88 the independent variable
instead of t, we can find the change in any function of the state

‘'variables and 75 when cut-off is terminated by Eqn. 3.1.3, using

the analysis of Section 2. For, analogously to Eqn. 2.2.18¢c, we
can write

w('r,) [ I-)\\pg ]{ }dr, +[Mm,,(0)]'{6x3(0)} 3.2.2-

vhere \Ps is any function of the form ‘
{q;s} - {\]é(x('l‘a), Ta)} . 3.2.3

[ana] - [Sw;] - { } Lf_ff.ﬂ ... o | 3.2.#

25(T)

and

Here Ay, and )\Q are obtained by integrating the adjoint equa-

tions in stage time, through the s'h s stage, subjJect to the boundary
conditions . o

[)\\PB(TB)] .= L?,\:j ' 3.2.5

{Xﬂs(Ts)} = gg"gi | 3.2.6

80 far, the cut-off function has not been perturbed; this can be
achieved by tern-inatiué the trajectory when

g + 805 = 0 o
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instead of by Eqn. (3.1.3). Perturbing the cut-off function will
cause & change in the trajectory stage time at cut-off which will be
given by,

ATB - e . 3 0201

The total change in Vg4 at the terminaticn of the stb stage will then
be given by

Ta . L}

: {6\1/,(1', + A'lfs)} - _[ [)\\pgs] [G]{aa} dvr's + [xq,gé.(;))] '{ 618(0)}

+ i r)} ar, - 3.2.8

Buppose we choose the state variables as WB’ so that

{‘l’ﬂ} - _ { X(Ts)} ) ' ; ' o 30209
With this choice of ¥, Eqn. {3.2.4) vecomes " :
[k‘l’s(Ts)] = [?’xi]' = [I] ‘ 3.2.10
axd

vhere I 1s the unit matrix. Denoting the Ay, resulting from this
particular choice of boundary conditions by Axg, we obtain from

Ean. (3.2.8), the relationship for the change in %the state variables
&t the termination of the sth stage as:

{st('l'a +A'1'8)} ] [ Ta[xms]'[ G]{ﬁu}dfa * [xx?a (‘o)] .{sxa(o)} +{i(Ts)}ATé

3.2.11

. These perturbations are the state variable changes to the left of
the s+l stage point.

The &x to the right of & syage point, ax( ), are not necessarily
equal to those on the left, éx( but we can usually define a matrix .

Pg which will transform the left-hand perturbation into the right
hand ones.

{sxgjj)_} - [PB] { SH%} = [Pa] {¢sx$('rB +ATB)} 3.2,12

Typically, for example, consider the case of a multi-stage boost °
vehicle with a fixed emount of fuel in each stage. The mass of the
remaining portions of the vehicle at the commencement of the sth gtage

il AP B+ SRR
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48 the sum of the empty welghts of the remaining stages, together with

the sum of the fuel contained in those stages. Perturbations in mass
at the termination of the (s-1)!B stage reflect changes in the
burning time of that stage. It will usually be physically impossible
to transfer eny fuel remaining ia the (s-1) h gtage across the
interface with the sl gtage and hence changes in the state variable
of mass to the left of the stage point may fail to cause a corres-
ponding change to the right of the stage point. In such a case,

the P matrix will have a null row for that particular state variable.
On the other hand, changes in the state variables of position to the
left of a stage point will alweys appear directly as changes to the
right of a stage point. The corresponding row in the P matrix will
have unity on the diagonal element and zero elsewhere. This 18

also true of the state variables of velocity, provided impulsive
forces are absent at the stage point. o

Substituting Eqn. (3.2.11) into Eqn. (3.2.12), we obtain

(o [ff ] [ or + frn@] Ym0 s

’

) [Pﬁ]{{xﬂ} ! [:xﬂs]' {_"‘s(°)} +{;a} ATS} - 3.2.13
vhere _ o ‘
T, Y PP .
{Ka} = j [)‘xﬂs] [G] {Ba} drg . I 3(.2‘.11"
[;xﬂa-lb. [Xms(o)]l | - 3205
and i | | | o _,..‘.v
{5} = {xm} L 3226
R P
xs-l\/ xxﬂs | -’:‘-s \’/Xxﬂ.ﬁl
sth atage-—-—-g_;__,_ \
(s-1)th stage point sth gtage point o= time

Sketch B - Position of Funciions Defined in the sbh Stage
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Similarly, the components for longitude changes are
- 96

{od) o ‘ 218

L]

_In addition to this type of initiel point. perturbation, we may have
some changes resulting from the previcus iterations, Ax{ e Combin- ..
ing both types of perturbation, the total change in the first stage
state variables is

ba - fond - T} o (o2} sew

Knoﬁing the §x; we can compute the total initial value perturbations
in the second stage by using Eqn. (3.2.17)

{oxe} - [Pl]{{xl} + l[ixﬂl]i {axl}+<§1} ATl} . {Axa}A 3.2.20
fd « Daffbs ] (o (o) (o)
- [relfee) < [ ][x%] (s}~ } |

£

][] [’*ﬁa]' {on} + [Pf-’] (o] fesa} « fos)

3.2.21°
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In some cases, we may wish to specify additional perturbations in
the state variables to the right of a stoage point. For example,
returning to the case of a multi-stage booster; in a wore sophisticated
analysis of booster capability, one may wish to consider variations
in the initial mass of fuel contained within each stage. Typlcally,
in a given iteration, the emount of fuel consumed in the s+l stage
may be either less than, or greater than, the total amount of fuel
available in that stage. If this, or a simllar situation arises,
the initial amount of fuel contnined in the stage must be adjusted
in the pext iteration. It is essential to have a wechanism within
the optimization analysis, which will permit these required changes
to be specified. The P matrix, as described above, is unable to pro- '
vide this mechanism, for the additional changes may clearly be functions
of the state variable perturbations at the termination of the (s+1)th
stage, rather than at the termination of the sth stage. The P matrix
is primarily introduced to convert changes in the state variables at
the termination of the stB stage into state variable changes at the
beginning of the (s+l)'h gtage. Accordingly, a set of additional state *
variable perturbations {Ax%+l}which we gpecify  directly will be
introduced. The complete expression for the state variable perturb-
ations therefore becomes

e« el [ )

B(O)} + {‘;{: }AT l + }Axﬂ*l} 3 eaol'! .

.Iﬁv
. AR >
With Eqn. (3.2.17), ve have achieved our first objective: a recursion
formula which enables us to predict the initial state variable ger-
turbations in the (s+l)th stage when the perturbations in the sth
stage are known and additional changes are directly specified in the
initial values of the (s+l)th stage state variables.

The recursion formula Eqn. {2.2.17) cen be applied to each stage
in turn, commencing with the first. 1In the case of the first stage,
there will be no perturbations of the initial state variable due to
prior stages, but there will be perturbations to the state variables

if a search for the optimum trajectory initial conditions 1is being
wade.

These initial value perturbations will be some combination of
state variable vectors dictated by the particular problem under con-
slderation. For example, suppose We seek the optimal launch point
for a mobile missile. We may express our nominal launch point in
terms of latitude and longitude, and then on successive iterations,
perturb the launch point towards the optimal position. The perturb-
ation in latitude ie & state variable vector kaving components

* eorresponding to the position state variables and zeros elsevhere ,

20
3%,

{ ¢ 3¢ 8a
A } = 3Y ’ ' 0201
xl { ‘zf_e_ 3 '
v aZe

7 -
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and the next

=l

["3“ “3} [**93] {“‘3} "{i3}“3}_*'{“‘*}

Q3QpP) X)ATy + QgPp XAT, + Py X3ATy

-+

Q3Q:9; Ax) + Q3Rp 8%p + Q3 Axg +4x), o 3.2.22

CU0 ) ERC

\

.+

where

In general, the total state variable perturbation at the commence-
ment of the (s+1)'h stage 1s

'{Gxau} - (que-l-m---QzPlKl + QBQS-l.......Q3Pé(2 + m--
| : ----+QPB_1K _1+P )

(QBQB_l......QQPlxlATl +Q Qe_l......Q3P2x2AT2 + -
=== + QgPg 1%, 18T ) + PsstT o

+ qus-l""ql Axy + QgQ  jeeeeesQp Xy + ==me

Cmem Q05 8% + Q5 Ax, + Axs+l)
o 3.2.24
At the commencement of the last (Nth) stage, we can write

{6xN} - %]l. [A’;] {xs} . Nf:l {B’;}ATB +. ZN: [cﬂ{Axa} 3..2.;_;5

8= s=al 8=l
- where

N : .
[AB] = QN-lQN°2 e 8 o ¢ s o o 3 o QB+1PB ) 8<N“1 .

- P, , B=N-1 3.2.26
{B‘j}n QQup « » + o+ o o o o QuPg Xg s S<N-L

- P, , 8=N-1 3.2.27
'[cﬁ]-Qu_lqn_a.........qal , 8<N

-1 , , 8=§  3.2.28
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‘ Knowing the initial perturbations to the last stage, we can _
apply Eqns.(2.2.20) in stage time to find the changes in the payaff
function ¢ , and the constraints.

W / kxbﬂu ‘5“}‘3’1\1 + |>\¢91;(°)J{6xn} - 3.2.29

D T B

o

and on substituting for dxy

5  - Kty +li'¢nNJ{l§§ [A‘;]{ xs} + N}-:i {BI;}ATS .+ ;:[cﬂ]{ms}} 3.2.31

8= =l

3

R O R CA R N TR S B i

; 3.2.32
‘ § vhere : . o ‘ ~ -

§ .xN s " f lX¢QNJ[G]{6a} dry - 3.2.33

9 ° '

Ty ' . .
b Dl Gben  ses

It 18 convenient vo combine the integrels, K g» through each stage

into @ single set of integrals throughout the complete trajectory.
To accomplish this, we define

Ipen - ..X;’QN_I[A};][)\XQS]'; s<n. - o323
N 8 =X o | |
R T ] A o
® bl e '
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JRop— et o o

Expanding Eqn. (3.2.31), we obtain | .

o wxgy o ((0n) B () (ol e - ZEDN)

g=1 L 8=

+ [on{ 3, fohem + Sl el
8= '2'31 f E’tw)n_l[ Ga}drg k [wnNJ{:};i{ }AT_ +§l[ ]{ }}

302038

- [ TTMQNJ[ ]{éa} ary + ): l_xcz»nu *‘ﬂ{ B[ ]{““} d.fs}

The first term, which is the summation of a set of integrals
throughout each stage on the unperturbed trajectory, can be combined

SRS d &

into one integral by reverting to¢ the criginal independent veriable

o I bl o a2} - B 20
o / Bl o+ Fod{S 5 en - Elfon) 300

8=l

Eqns. (3.2.39) and (3.2.40) glve the total change in payoff and
constraint functions when the trajectory simultaneously undergoes
perturbations in the control variasble histories, stage point positions
and initial state variasble values in each stage. The sensitivity
of payoff and constraint functions to these variations is immediately
apparent. For pulse variations in the control variables at time t=t?,

the individual sensitivities of the payoff function are the elements
of the row matrix,

l¢a(tt)_] = [Aqﬁﬂ(t')_l [G(t')] _ | ; 3.2'.1‘1
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The individual sensitivities ¢f the constraint functions to control
- varisble pulse perturbations are similerly the elements of the rec-
tangular matrix

[“’a(*")] - "|:~‘m]' [G]  3.2.2

The sensitivity of the payoff function with respect to sfage
point variations follows directly from the second term of Ean.
(3.2.39). If the sth stage alone is perturbed by AT;, we see that

byp, - P"QNJ {=} 3.2.43

Similarly, the constraint sensitivities with respect to stage
point perturbations are obtained from Eqn. (3.2.40) as '

{%ATB} - ['fmu]' {5} 3.2.44

Finally, the sensitivities to initial state variable value per~
turbations in each stage can be obtained from the last terms in Eqns.

(8.2.39) and (3.2.40). The payoff function sensitivities for the
sth stage are the elements of o

[ [ 2]

and the constraint function sensitivities for the sth stage are the
elements of the rectangular matrix

['P“"s] ) [T‘WH]' [Cg] | 3.é.ué |

In general, we must consider two types of stage points: those
vhose perturbation is prescribed and those which we are free to
optimize.  Hence, we can write

:Z;Ii {s¥}ar, - g:;l{nﬁs}ws. . él{a_g}m-s- ‘ 3.2.&7

where the ATy are prescribed and the AT; are to be optimized.
Substituting Eqn. (3.2.47) into Eqn. (3 .3.39), we obtain

' m Sl [e)foele (S phene}

+ l_'imu_l{il{ng-} ATge + é{:;l[cg‘] {Ax;}} 3.2.h8
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Substituting Eqn. (3.2.47) into Egn. (z.2.40), we obtain

{sr} i tf"' ["wﬂ]' [c]{aa} at +[X‘\LQN]={_§:{B§} AT—B-} | | | 3.2.49

s=1
()

vhere all the quantities which we wish to specify diréctly are
grouped together 1n the terum,

{6 }' {“’} - [;‘-Wu] .{sg {Bg '} ATge + 2'5;“,1 [cg] {Axs}} 3250

With Eqns. (3.2.48) and (3.2.49), we have attained our first
objective: expressions for the change in the payoff and constraint
functions resulting from a general perturbation of control variable
histories and stage point perturbations. The optimal perturbation
has yet to be found. This task will be attempted in the next section.

3.3 Derivation of Variational Equations

The analysis of the preceding section resulted in expressions
for the payoff and constraint function changes when & comblned per-
turbation is introduced in the control variable histories, stage
point positions and initial state variable values in each stage. We
will now attempt to optimize the payoff function change while at the
same time directly specifying changes in the constraints, { oy } ’
and the initial state variasble values in each stage {z&xs } o In
order to obtain a meaningful solution, we must place limits on the
pPerturbation magnitudes. We limit control variable perturbations in
the manner of Section 2 by introducing a constraint

vaz : %{TQ&(}J tw}{m}) at | .‘ a1 '.

A similar constraint (DT2) must be introduced to limit the total
stage point perturbation. '

B=1

vwhere the Vy are a set of weighting functions which may be used to
modulate the optimal stage point perturbations. -

Proceeding as in Section (2.2), we may construct an augmented
. function in the manner of Lagrange and minimize (wmaximize) this. In
- the present case, the augmented funciion is
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T i o . , _ ‘ 1}
oo f D ] e+ en{ £} o]
: o
+ lfmxj{ti;il{ Ig'} AT,y + a};l[ ] {Axa}}

)/ Bl B £

oo { £ othen - Rl

]

b )

vhere w 1is a Lagrangean Multiplier introduced for the stage point
" perturbation constraint.

First, we differentiate with respect to each stage point perturb-
ation which we seek to optimize. This results in S equations,

5‘%3‘.,’.1‘;). = [A_¢QNJ{B§.}+ 2w Vg AT +L0J[A¢,QN]{ } L 333

These expressions must disappear for U to be extremalized. Solving
for the ATy , we obtain the equations:

AT = . 'éi‘v“ UXZ;,QNJ *[”["Vm«] 'J {Br;} | '3.3.,;.

Squaring both sides of Eqn. (3.3.h4), multiplying throughout by Vg,
sunming the 8 equetions and using Eqn. (3.3. l)

i
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["lmp

% v A'r.f . u Jf_ Ex vy ‘( | o]+ | J[WQN]'J {B%})a

. -—..z—zélhw Ll S Bt}

Rearranging Eqn. (3.3.5) and taking the summation into the ma.trix o
product

w? . fll,-;z(h 40+ 2 l“‘\PfJ {"} * l."J [LW]{G}) |

s o e e
G N Csar
oGl (3] s

bl (el [5e] s
Pl- £l aase

8econd, we take a variation of S« to Egn. (3.3.2) in a
Be Section ) an. (3.3.2) similar manner

w(a) fk\mJ [e]{e a}dt « |2 Jf[ Ave) []{a a}dt ‘2 “Jj‘“.l [W]{&éa}dt=0

- 3e¢3.11

“oel[] J[Aw][“]*“l“ﬂ[]' saw
b BT R - bl 333
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Substituting into Eqn. (3.2.L49)

| { n‘} -- L{(Jw} + [J.,;,.Yl, {d” + [ffmn] '{

2u J\ l’ 4

ED e
%

‘ _} ATE} 3+3.14

- where we define

Yo 'LTL“WJ[G] ["]-1[0].{“&2}“‘ ) - '3'§~15. |

b [BaTEP Ll e
RN G0N0 2 —

Transposing Eqn. (3.3.4), substituting intoc Eqn. {3.3.1k), and using

Eaqn. (3.3.10)

{sr} .- —12-; {{ JW,} + [Jw]{ J }} - % [X-W“] .[D ]{[IWN]{O} + {:‘mu }} 3.3.19

Substituting Eqns. (3.3.8) and (3.3.9) into Equn. (3.3.19), multiplying
throughout by 2wu &and collecting terms on the left '

el Bl (Bl fuad) 0 s
Toirq, ve substitute Eqn. (3.3.13) into Eqn. (2.1.5)
e [ |l Lo 0 ) 002 B o bt

Using Eqns. (3.3.15), (3.3.16), end (3.3.17), cultiplying by ku? and
collecting on the left

lfnp2,.2 " e : 2l4f{ 0 }- PJ[JW]{"} o | o 3.3;".’2
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Eqns. (3.3.6), (3.3.20) aad (3.3.22) are the variational equations which
must be solved to obtain the Lagransean multiplier introduced for the
constraints of Eqne. {2.1.5) =nd (3.3.1)

3.4 Solution Using Cormbinoi Ster-Tize Farameter

A closed form solution to the optimal stazing equations can be obtained
if separate Lagrangesn #ultipliers for the control variable, and

stage point perturbations are abandoned. Combining these perturbations*
and defining a single step-size parameter by the expression

Ml
/]
n

V"ATE

pc = J;T lsa(t)J [W(t)]{&a(t)} at +
, % | | 7

.m|
M
'—l

results in the creation of a single perturbation measure. It should be
noted that the weighting function, V; ;, must now be a dimensional
quantity to ensure competibility betfeen both portions of Egn. (3.4, l)

*This approsch was suggested by Mr. R. L. Mobley now of the Rand Corporation.

Ve s ot
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‘ Returning to the augmented function of Eqn. (3.3.2), we see that in the

last line we wust now replace w by s. This substitution can also be made in
Eqns. (3.3.3) to (3.3.6). Egns. (3.3.6) and (3.3.22) can then be combined
to obtain

BPpe? - (Ipq +14g) - 2 u"wj * i_LWJJ{"}

-loJ[[JW]+[L¢'¢]]{O} ' L 3he

Substituting u for w into the equations leading to Eqn. (3.3.20)
¥esults in the expression

2,.{n}+{{%}+{nw}} AR (T 343

It follows, by comparison with Egqns. (2.2.34) and (2.2.30a), that u
and {9} are given by Eqns. (2.2.36) and (2.2.37) provided we replace the
_{dﬂ} by {8} end the I by the appropriate (J +L). For example,

Top > Jpo +Lgy BRI

The optimal control varieble perturbation is then given by Egn.

(2.2.38) with the I replaced by the (J+L) and the A by the appropriate A,
For example

® 3 {oa}—= {440} 3k

Substituting u and {0} into Eqn. (3.5.1), the optimal stage point
perturbations are obtained in the form :

{ATE}.- :[VBJ.I[B}:]' {{'an} - [}";QN][JW, + I\W,]-l {Jw + Lw}} 3.6

pc? - ir | g+ Led L for}

, 1
oo +Tos) = Leg + Byod By # Lol ™ {5+ 1,

* ["ﬂ J-l [BI:]' [Imu] ["w * IW] Her }

With these equations, we have obtained the general solution
to the optimal staging problem. The main difficulty in applying the results
lies 1in determining suitatle weighting matrices. In this
Trespect, the concepts in Refeorence 2 serve as a guide.

X
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4.0 CONVERGENCE OF THE STEEPEST-DESCENT METHOD

USE FOR TYPEWRITTEN MATERIAL ONLY

It should be noted that the optimal control perturbation 1s directly
proportional tc the inverse of the welghting matrix W and the optimal
stage point perturbations are directly proportional to the inverse

of the diagonal matrix formed from weighting parameters Vg.

These equations indicate that any descending direction is a

possible steepest-descent direction when minimizing and conversely any
ascending direction is a possible steepest-ascent directlon.

By choosing the weighting matrices and weighting parameters
appropriately the steepest-descent/ascent direction can be made equal
to that of eny favorable perturbation which provides the specified
end point changes.

From a nominal. control history and set of stage times the steepest
descent process can be applied iteratively by means of equations
2.2.38 and 3.4.6 until the terminal points are satisfied and the
performence ceases to improve. The main difficulty in applying the
method lies in the determination of suitable weighting matrices and
veighting parameters. To use.the method efficiently reasonable velues of
the perturbation magnitude DC™ and the constraint change vector

must be determined.

A highly successful approach to the determination of there quantities
18 the convergence scheme of Reference 2. There these quantities are
determined by means of a second order approximstion to the actual non-
linear behovior of the trajectory perturbations introduced by the .
optimal first order control and stage perturbations of Egns. ( 2.2.38)
and 3.4.6 and a series of logical decisions. A Taylor expansion in
terms of a single scalar perturbation parameter, K, 1s used for this
purpose. The first-order changes in the trajectory functions of

" interest and the combined perturbstion parameter are determined according

to the eguations

2

DC = Ki . DC2

o 4.1
dy = Kl * d¢6

The nominal control perturbations, Dca, and constraint changes, 4y ,

are determined by the convergence 1oggc. It can be seen from the
equations of the preceding section that in addition to the linear
relationships of Eqn. (4.1) a further linear relationship between the
performance function change, d¢, and the scalar perturbation parameter, K,
exists for . i )

= a
d¢ Kl ¢° 2
where d¢ 1s the performance change asgsociated with di’ and dC_. It
follows Srom a Taylors exparnsion for the actual non-linear change
in the performance and constraint functions, A¢ and AV that

Q N &
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-
Aé= (a¢ - dd) I K +a¢.K

ht3
2
Ay = (A\Po - d%) K+ dy K

vhere A ¢, and AY,are the actuel non-linear payoff and constraint function
changes obtalned by an exploratory perturbation of the trajectory
with K = 1. Further details of this method are contained in Reference 2.
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5.0 APPLICATION OF THE STEEFRST-DESCEIT METHOD

The purpose of the trajectory optimization application was threefold.
First, it was desired 4o discover and znolyze any unique characteristics
of this hybrid launch system end to identify any unexpected behavior.
Second, it was anticipated that the reszultant trajectory could be used
to evaluste a lambds guidance simulator which vas developed for the
study of an sdvenced guldance technique. Third, it was desired to

use optimum baseline performance in an effort to obtain wmore meaningful
peyload penalty data.

Phase I studies basiczlly involved clasgsical parsmetric techniques

for determination of performance. The missions were segmented and
analyzed as subarcs of the whole trajectory. This technique necessarily
neglects the interaction of adjaceut flight phases and ccmpletely
ignores the possibility of unexpected trajectory behavior. Therefcre,
Phase II1 studies were directed towvard learning as much as possible

about the optimsl performence and flight path of the hybrid launch system.
Detailed consideration of the trajectory optimization problem established
that a single trajectory with any of the availnble optimization computer
programs would not produce the desired result. None of the optimization
programs presently availsble has the multiple vehicle capability
reguired by the boundary criteria established by orbital rendezvous

end stage one return to tasze. Tke ccumputer tool required to obtain

the desired trajectory would contain all the features of presently
operational steepest descent optimization programs plus the added
capability of multiple sets of end constraints or boundary conditions.
For the present study, this simply means the end constraints of both

the first and second stages must be simultaneously met in such a way

as to pass all unused stage one mase into stage two for the purpose

of improving payload. Inasmuch as a multiple vehicle program is not
presently available an elternate two-step approach was devised which
would satisfy the aforementioned obJjectives.

A. Optimize the Stage l/Stagp 2 trajectory from tekeoff to orbital
rendezveus using the optimal staging technique.

B. Optimlze the Stage 1 return trajectory from the staging
conditions established in A. Any excess fuel can then te
translated into paylozd using the mass exchange ratio for
Stage 2 established by A.

These studies should produce near maximum payloed in orbit and glve some
insight into optimal launch vehicle operation from a performance aspect.

The Stage l/Stage 2 optimization problem was first tried with a fixed -
stage optimization program. The intent was to determine the staging
time ty parametric variation. This study is described in Section 5.1.
The fixed stage program was abandoned in favor of an experimental
optimal staging program after the fixed stage program failed to
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5.1

converge. The Stage 1/Stage 2 optimal staging solution is discussed
in Section 5.2. Finally the optimal Stage 1 return trajectory
utilizing the stage 1 stete at staging as initial conditions is
discussed in Section 5.3.

Fixed Stare Qvtimization

The Stage I/Stagg II trajectory cormences immediately after take off
with the following vehicle state:

Weight, W = (498,000 1bs.) 226,000 kg
Altitude, = (1 000 ft.) 305 m
Flight path angle, =

Velocity, V = (hOO ft/gec ) 122 m/sec.
Latitude, = 33,330° N

Longitude, = o)

Heading Angle = 180°, (due South)

A non-rotating earth, and a 1959 ARDC atmospheric model iere employed
for the calculation. The vehicle physical characteristics employed
are contained in Part I of this report.

The terminal conditions imposed on thls mission were:

Altitude, = (262 N.M.) 485 kn

Flight path angle, = O

Velocity, v = (akg8o ft/sec) 7,620 m/eec.
Latitude, =

Heading angle, (Due East)
These end constraints impose a 485 km (262 N.M.) circular orbit condition
with longitude free, in the equatorial plane. Final orbital mass was
maximized. Three continuwously varying controls were employed in the
calculation, pitch angle, 6, bank angle, B,, and throttle, N. The
actual pitch angle employed in these calcuiations was the scalar sum
of the flight path angle, %{ and the total sngle of attack,ol ; these
two angles are not in a piane when the vehicle is banked. Bank angle
consists of a rotation sbout the velocity vector at constant pitch.

In-flight inequality constraints were pleced on (1) sonic boom, which
was limited to 143.6 N/if } 3,.psf) differential over-pressure, (2)
dynamic pressure, 95,760 N e (2000 psf) in the first stage and

9576 N/ME (200 psf) in the second stage, and (3) throttle. The first
stage throttle was limited to 1.0 which corresponds to full throttle,
and the second stage throttle wes left free. A maximum Mach number
constraint of 7.0 was also imposed throughout the first stage flight.

A slowly turning initial nominal trajectory was employed using constant
bank angle, full thrcttle, and constant pitch. This trajectory was
deliberately chosen in a non-optimal fachion in order to avoid any pre-
supposition with regard to the characterictics of the optimal flight

path. It also provides & smoothly varying control history. Past
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5.2

experience has indicat~d this to te & desirable feature of an
initial control profile to faciliate rapid convergence.

Initially » solution was sought with the program of Refercnce 7
uveing a fixed stage time. At this point in the study, the intention
was to parametrically vary the stage time, reoptimizing the path each
time. By this weans the optimal stage point could be located. The
optimization progrrm of Reference 7 was chosen to provide compsti-
bility with the lambda guidance simulator of the present report.

The trajectory developed after 32 iterations through this computer

rrogram is shown in Figures 5-1 to 5-7 together with the initlal
nominal profile. During Stage I, the flight path remains close to
the inflight inequality constrmrint boundaries in a Mach~-altitude

sense. Severe violations of the throttle inequality constraint occur
at the beginning and end of Stage I, Figure 5-7. The throttle history
for Stage II reveals that 2 coast had developed, punctuated by short
bursts of pover. The turn into the equetorinl plane is marked by a
pronounced dog-leg during the staring maneuver as shown by 'the

ground track of Figure 5-1. The portion of the flight peth
preceding this motion was practicilly normal to the equatorial plane. A
slight Westerly deviation had occurred with a resulting bowing out
of the flight path shown:'in Figure 5-1. The terminal conditions
had significantly improved over the nominal values. The start mass

for Stage 1 at this point was about 64,800 kg (143,000 1bg.) The
terminal wass in orbit was epproximetely 12,200 kg (28,000 1lbs.) giving
8 mess ratio of 5.1. Since Phase I studles of Stage 2 performance
indicated a weight ratio of 4.65 was attainable, it was concluded

~that further improvements in the trajectory were possible from a

perforrance standpoint. Accordingly, the calculations were continued
until iteration 40 with the results given in Figure 5-8 vhich show
that the calculations were diverging from the desired end point. At
this point these calculations were abandoned since this divergence
was traced to the presence of spurious perturbations in the control
variable history. These spurious perturbations were capable of
introducing end point changes of the magnitude of 120 km (400,000 ft.)
in the terminal conditions.

Optimal Staglng Solution

At this point in the study the calculations were continued using an

experimental optimal staging program developed from the computer
progran of Reference 5. The parametric study of staging point position
is evoided by the use of this program. Further, since it was apparent
from the previous calculation that a coast period had developed, the
second stage trajectory was divided into a boost-coast-boost mission.
Each of these stages retalned continuous control of pitch, bank

and throttle in the powered stages together with the control of the
duration of each stage. Since the duration of the last stage 1s
automatically perturbed by the steepest-descent method, this approach
introduced three additional control parameters: one for the end of
Stage I, a second for the termination of the first burn of Stege 1I,
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and a third at the end of Stage II coast. These

rodificetions resulted in considerdbly different end conditions
from the values obtalned on cycle 32, particularly in the terminal
altitude attained.

Since substential alterations had to be made to the program of
Reference 5 in order to solve the present problem, the program was
first checked against a previously reported result. An orbital )
transfer problem involving a boost-coast-boost trajectory contalned
in Reference 4 was used for this purpose. The optimel-situation
obtained showed agreement to four significant figures with the result.
presented on page 489 of Reference k.

On completion of this test problem the optimal staging program was
applied to the entire Stage I/Stage II trajectory. Convergence
Plots for these calculations are shown in Figures 5-0. R
It cen be seen from the performance function convergence plot,
Figure 5-9, that the terminal orbital mass is 14,200 kg (978 slugs).
The launch vehicle configuration under investigation therefore pro-
vides an orbital mass to initial mass ratio of .063. That is,
approximately 16 slugs of initial weight are required for each slug
in orbit. This compares with a figure of 18.5 to 1 obtained in the
Phase 1 study by more orthodox performance techniques. It can be
seen from Figure 5-10 thet all the terminal constraints imposed were
essentially met. The convergence plots show a break at cycle 23.
At this point the calculations were interrupted and for a period
Stage I and Stage I1 were separately optimized. First, the terminal
mass of Stage I was optimized to the staging conditions established
by the Stage I/Stage II calculation at cycle 22. The behavior of

" the Stage I mass during these calculations is shown in Figure 5-10.
Following the separate Stage I optimization calculation, Stage II
of the vehicle was separately optimized from the new initial conditions
established by the Stage I alone calculation. The behavior of the '
performance function mass in orbit during these calculations is shown
in Figure 5-11. Following optimization of the separate stages they
vere brought together agnin and the complete Stage I/Stage II optimi-
zation was continued. The behavior of these calculations can be
seen from Figure 5-9 following cycle 22. During this last period of
calculation various combinations of weighting matrix and weighting
parameters were employed. In the terminal phase of the calculation
cholce of weighting matrix or weighting parameters had little effect
on the results, as might be anticipated.

The final control histories for the camplete Stage l/Stage 2 trajectory
are shown in Figures 5-12 to 5-14. The final velocity-altitude profile
for the complete mission is shown in Figure 5-15. Staging occurs at
2322.6 seconds. The Stage 1 cruise is a somewhat higher altitude than
previously anticipated. A violation of the inequality constraints occurs
Just prior to staging because the calculation was not continued to a com-
plete solution. The Stage 2 profile is considerably different than that
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53

of Figure 5-2 using the fixed stage progsam. The trajectory is
diecussed in more detail in Scction 6.

Stage 1 Peturn

Using the staginz conditions established by this calculation the
return trajectory was optimized as an independent problem. The

"~ initial conditions for this celculation at staging with a mass

decrense of 118,500 kg (261,603 1bs.), are:

Velocity 2,115 m/scc (6,942 ft/sec).

Altitude =  39.5 km (129/591. £t)
Garma = 9. 10°

Latitude = 0. 523

longitude = "6. 711

Heading = 102. h33

Mass = 118,500 kg (8,131 slugs)

The obJective in this mission seguent was to return to base with

a minjmum fuel expenditure. Accordingly the terminal constraints
vere chosen os:

Latitude = 33. 333
Iongitude =
Altitude = 15 2 km (50,000 ft)

The first constraint, letitude was used as cutoff function since
this appeared to be the most likely to increase in a monotonie

fashion. Once sgain a smooth nominal was employed for the optimizstion

calcuwlation. The control histories used were:

Pitch Angle = 62 Constant
Bank Angle = 10" decreasing to O
Throttle Constant = .7

The final optimal trajectory obtained after 25 iterations is shown

in Figure 5-16. Convergence behavior during these calculations are
shown in Figure 5-17. The final mass on the optimum trajectory is
107,000 kg T,3h3 slugs) indicating a fuel expenditure of ll,hTO kg
(25,3hh lbs.) This represents & reduction in return fuel require-~
ments of 3,170 kg (7,000 1bs.) with amounts to a 28% reduction in

the amount of fuel required, compared to the Phase I parametric study
results.
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6.0

6.1

ANALYSIS OF THE TRAJECTORIES

Detailed discussion of each phase of the trajectory are contained
below. For this discussion the mission has been divided into Stage 1
outbound mission, Stage II ascent to rendezvous, Stage I return, and
the staging maneuver.

Stage I Outbound Flight Path

Details of the Stage I outbound and return segments are shown in Figures

" 6-1 to 6-3. Figure 6-1 shows the ground track with time ticks and

pertinent state components identified. The staging point occurs at a
longitude of 6.7° East and at a latitude of about 0.5° North. The fact
that the Stage 2 launch does not occur in the equatorial plane was
anticipated. The outbound cruise fuel used varies almost linearly with
latitude change as shown in Figure 6-3 (the rate of fuel consumption is
constant). However, the Stage II fuel required for small out-of-plane
perturbations at this point varies parabolically, having zero slope for
zero offset. A conventional analysis of this trade using a full 90° turn
indicated suboptimal release point about & guarter of a degree North

of the Equator. The optimal flight path which is obtained with the full
trajectory dynamics, establishes the stage point at about half a degree
North of the Equator, with release occurring at a heading angle 12° South
of East. It should be remembered that this release point is obtained
without considering the effect of the Stage I return path. Analysis of
the effect of the return on a seven component state would be essentially
speculation without the use of the full system dynamics.

It can be seen from the Mach - altitude profile of Figure 6-2 that a
highly dynamic staging maneuver has been developed. It is called a
synergetic zoom-turn because of its unique character. This is discussed
in further detail below in Section 6.4. It is also apparent from
Figure 6-2 that the acceleration from Mach 3 to Mach 7 does not follow
the dynamic pressure inequality constraint boundary. Below Mach 3 the
sonic boom overpressure limit is followed. On staging to the higher
thrust ramjet engine, however the vehicle climbs until reaching Mach 5.
Above this Mach number the yehicle tends to follow a dynamic pressure
profile of about 11,800 N/M§ (800 psf). The acceleration above Mach 5
is quite gradual taking about 890 seconds to reach cruise altitude.
Figure 6-3 shows fuel consumption slope in this reglon to be closer to
crulse than acceleration conditions.

Cruise occurs in the region of Mach 6.8, a somewhat lower velocity than had
been anticipated from the steady state range equation. It can be seen
from Figure 6-1that cruise, in the classical sense, occurs for only

about 1/3 ol the outbound flight path. A pronounced knee occurs in the
Mach-altitude profile at Mach 5. Analysis of the engine data indicates
that this is the point at which the thrust coefficient of the ramjet
englne first starts to fall off. It may also be noted that this is also
the Mach Number at which the cruise dynamic pressure is first acquired.
Either or both of these reasons influence the trajectory in this region.
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. 6.2

Analysis of the energy derivatives with respect to the mass flow rate
for the acceleration profile would give further insight. This analysis is
presently unavallable.

Figure 6-1 reveals that the major portion_of the acceleration and cruise
takes place at a heading approximately 15o East of South. The heading
change from due South occurs quite rapidly &t low speed. Turning losses
at this speed are smnll. Apparently the optimization process is trading
an increase in crulse duration egainst the losses during the high speed
turn. Again it should be cautioned that this result is based solely on the
Stage 1/Stage 2 optimal flight path with no regard to return. The Fhase I
parametric analysis on the other hand indicated a slight Westerly cruise
component based on the relative efficiency of the inbound and outbound
cruise. This is illustrated in Figure 6-3 by the relative slopes in the
two mission segments. This same tendency may be present on the optimal
flight path where a complete optimal staging multi-vehicle solution is
obtained. The tool for this calculation does ‘not exist at this time. In
the absence of such a calculation the trades involved in staging position
determination elude conventional analysie in view of the dynamic nature
of the final flight path.

Stage 1 Return Trajectory

The stage 1 return trajectory is shown in Figure 6-1 to 6-3. The control
histories are shown on Figures 6-4 to 6-6. The return mission can be
divided into four segments for analysis: (1) a dynamic return to the
cruise condition, (2) & cruising segment, (3) a deceleration at constant
altitude to Mach 3, followed by (L), a deceleration glide to the terminal
condition. The first segment of this mission is discussed in Section 6.4
a8 part of the staging maneuver. The steepest-descent generated cruise
condition occurs at Mach 5.2 and 32.3 km (106,000 ft.). The cruise condition
is acqulred before completion of the initial turn. EFHowever, during the
cruise portion of the turn, the heading change rate is quite moderate and
diminishes to practically zero about a third of the way through the cruise
segnent. This is apperent from the bank angle history of Figure 6-5.

The cruise condition is initially acquired at 250 seconds after staging
and continues for 1300 seconds. The return cruise therefore occurs at a
Mach number considerably below the design cruise Mach number of 7. Pre-
surably it is more efficlent to cruise a2t the recovery Mach number than’
to attempt a reacceleration to Mach 7 for the time periods involved. It

may be noted that the cruise condition is somewhat above the max = Mach-
altitude line. Following cruise the constant altitude deceleratng cegment

to Mach 3 i1s of almost 1,000 seconds duration, the Mach 3 condition
occurring at time = 2500 seconds from staging. At this point a switch-over
from ramjet engines to turbojet engines occurs. Simultaneously the

final segnent of the return commences. The decelerating glide is terminated
at 3260 seconds from staging at approximately 15.2 km (50,000 ft.) altitude
in a subsonic condition.

The remaining portion of the cruise segnent and the
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6.3

6.4

deceleration occur at almost constent heading angle. During the final
glide an increase in bank angle occurs and the final turn is generated,
ending in a near Westerly heading. Apparently the optimization process
has detected a favorable trade between high speed turning losses and
path length. The control histories of Figures 6-4 to 6-6 during
this return mission are relatively smooth. The return does exhibit
some of the characteristics of near orbitul velocity re-entries,
notably in the development of a skip like acquisition of the cruise
condition, although the characteristic oscillatory motion of very high
speed re-entries is practically absent.

Finally it is emphasized that though the return has been discussed in
terms of a sequence of subarcs, the complete path from staging to
mission termination was optimized as a single trajectory with only the
end position as terminal constraints. It is anticipated that this
scegnentation will provide insight into the type of behavior which can be
expected on other missions. For example, the cruise mission has been
estimated by this technique and the results presented in Volume k.

Stage 2 Ascent to Orbit

The Stage 2 velocity altitude path is contalned in Figure 5-15. The
optimal staging calculations have resulted in a well defined velocity=-
altitude profile. The first burn bullds up energy practically normal

to the energy contours. Constant energy coast follows. Insertion
occurs with & small impulse at the coast termination. The traJjectory
history ror the first burn period is shown in Figure 6-7 where velocity,
altitude, pitch angle and heading are presented as a function of time.

A somewhat unusual velocity history is discussed in detail in Section
6.4. Figure 6-8 presents the Stage 2 velocity losses compared with

the vacuum solution. The vacuum solution was obtained using fixed
thrust by the comparatively rapid computer program of Reference 8.

The difference between the vacuum solution and the optimal staging
solution can be attributed to the presence of the atmosphere in the
optimal staging solution. The steepest descent process seeks a

transfer orbit with lower perigee in a vacuum than in the presence of

an atmosphere which reduces the thrust vectoring losses for the near
horizontal launch of the second stage. However the benefit is nearly
offset by an increase in gravity losses during the coast. The final
orbital mass in both calculations was essentially equal. This may be
attributable to the fact that the vacuum calculation uses constant
thrust whereas the optimal Stage l/Stage 2 calculation was performed using
the assumption of throttleable engines throughout the entire flight path
including Stage 2. This point has not been analysed in detail.

The Staging Maneuver

i

Staging maneuver details are contained in Figure 6-9 to 6-14 . For the
purpose of this section the staging maneuver is defined as that part

of the mission lying between Stage 1 outbound cruise termination through
the stage point to the start of Stage 1 return cruise, and includes the
Tirst burn of the second stage module.
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The Mach-Altitude plot of Figure 6-9 reveels that this portion of the
mission is extremely dynamic involving an integrated combination of turn
into orbit plare, pull-uvp, and recoveryon the part of the first stage.

It is obvious from Figure 6-9 that from a flight path performance view-
point the staging maneuver ideally consicts of a synergetic zoom-turn.

The ground track of Figure 6-10 reveals considerable heading change
during this maneuver. The Staze 1 dynsmic pressure inequality constraint
of 2000 psf is briefly violated during this maneuver as are the Mach
nunber and lcad factor constraints. Limitations in available computer
time prevented eliminztion of the violations. The maneuver gatisfies the
Stage 2 dynamic pressure inequality constraints of 9,560 N/M~ (200 psf).

A significant energy gein of approximately 5% of the total first stage
specific energy occurs during this maneuver. This maneuver is retained
as the nominal for lambde gnldance studies since at this point the vehicle
design and materials technology remains in a flexible state. The control
histaries during the synergetic zoom~turn are contained in Figure 6-11.
The throttle history exhibits some oscillation during the dive. Total
energy is gained during the dive. The pull-up portion of the zoom occurs
at almost constant specific energy. The flight path angle history is
presented in Figure 6-12. It can be seen that the stage point does not
occur &t maximum flight path. It is thought that this release below maximum
flight path angle 1s related to the reflex in the velocity-altitude
profile of Figure 6~2 which occurs irmediately below staging. This reflex
recovers most of the specific energy of the initial pull-up.

The relative position of the vehicle stages following Stage 2 release

is apparent from Figures 6-10 and 6-13. The Stage 1 ground track during
return crosses that of the Stege 2 module. For at this point Stage 1

has little turning ability while Stage 2 is developing a considerable portion
of the orbltal plane change required. This is apparent from the bank
angle history of Figure 6-11. A detailed study of the separation flight
mechanics was beyond the scope of the present study. Following apogee of
the pullup maneuver Stage 1 descends below 27 km (90,000 ft.) turning
rapldly during this pull out maneuver. Cruise condition is then acquired
-Tollowing climb to cruise altitude and the small oscillation. This
maneuver is shown in Figure 6-13.

The most significent festures of the Stage 2 first burn are the large
bank angles and the monoctonically decreasing throttle history exhibited
in Figure 6-11. The large bank angle is sssocisted with the plane change
required during Stage 2. The transverse force remains small due to the
small pitch angle. The decreasing throttle history may be associated with
the presence of an atmosphere. An interesting bi-product of this throttle
history is the resulting load factor history presented in Figure 6-1k4.
Stage 2 load factors remain moderate during this part of the mission.

The two load factor violations of Stagz 1 are also apparent from this
diagram. PFurther iteration of the steepest-descent program is required
to design a nominal path that does not have these violations.
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7.0 SUMMARY

Figure 7-1 is a welght sunmary which compares Phase I and Phase II results
for the 3704 ¥m (2000 N.M.) mission. The difference between Phase I

and Phase II resulted in 8 29% increase in orbital payload. The Phase II
trajectory can be characterized by an improvement in the climb profile,
the cruise efficiency, shorter Stage I ground track and a more efficient
staging meneuver. The climb fuel was improved by climbing to crulse
"conditicns at Mach 5.0 then performing a slow acceleration along the
cruise dynamic pressure line as shown in Figure 7-2. The cruise efficlency
ves improved by flying higher and using all the available thrust. In
Phase I studies the cruise altitude was reduced to allow turn capability
at constant altitude. The Phase II optimization studies showed this to
be unnecessaxry in view of the development of a synergetic turn-zoom

for totel Stage 1 specific energy gain. The improvement in climb and
cruise efficiency are shown in Figure 7-3. Similar results can be shown
for the Stage 1 return. Finally the staging maneuver influences the
improverent in performance because of a 5% gnin in total Stage 1 specific
energy mentioned above, ard wore importantly a sizeable reduction in the
Stage 1 path length as shown in Figure 7-4. It should be noted that the
comparison is for a Phase I path which is uncorrected for inbound/outbound
cruise fuel trade but is indicative of the path lengths involved. The
savings can be summarized as follows:

Stage 1 Outbound Fuel 7080 kg (15,600 1b.) -
Stage 1 Return Fuel 3340 kg (7370 1v.)

The Stage 2 mass ratio for Phase II is 4.49 compared with %.65 for Phase I.
These performance improvements of Stage 1 and Stage 2 result in a net
payload in orbit increase of 1800 kg (3970 1b).

7.2 Optimization Develcpment

The Phase II performance results were obtained with the optimal staging
technique proposed in Reference 2. Results obtained by the epplication
of this technique have previously been reported in Reference 4.

The present results provide confirmation of the feasibility of simultaneously
perturbing the combination of continuous control historles and the para-
meters determining the stage durations. Convergence problems were
negligible apart from some experimentation with the stage point weighting
parameters. The separation of the Stage I/Stage II trajectory into two
separate problems after several cycles of convergence of the combined
Stage I/Stage II problem was primarily intended as a device for reducing
total elapsed computer time. A secondary objective was to verify the
trajectory shaping capability of the optimal staging elgorithm. The

time saving would now aprear to be negligible and the validity of the
algorithm seems to be supported by the fact that no significant changes in
the trajectory were introduced when the stages were separated in the above
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manner. It is therefore recormended that in future studies the complete
problem be treated by the optimal staging algorithm.

The need for further develorment of flight path optimization computer
progrems is epparent from the present study. The device of treating

the Stage I Outbound-Stage II Ascent to orbit problem as an entity
followed by an independent optimization of the Stage I return undoubtedly
involves sonme performence loss. The complete solution of the problen
would require a multi-vehicle optimization computer program in order

to satisfy the split end conditions imposed by the conditions of Stage I
return to base and Stage II ascent to orbit. Further the design rules for
transferring the mass between Stage I and Stage II at. staging would

have to be incorporated into the computation, the mechanism for

this is provided by the state stage transfer matrices, [P] ;, and the
independent state stage perturbations, [dxs] y» introduced fn Section 3.

In conclusion it would appear that the optimal staging technique of
Reference 2 affords a practical means for solving complex atmosphere
multi-stage flight path optimization problems. Further development of
flight path optimization programs should be undertaken to combine

optimal staging with multi-vehicle capability in order to solve the
foxrtheoming generation of traJjectory shaping problems. This is

essential if future vehicles are to be operated efficiently, for it would
appear from this study- that epproximate methods of determining the

flight path of vehicles of the type considered here may result in
significant but unnecessary performance losses of the system.
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CLy» Cpy» Cy,

C
Cns Ca, Cy
s

CLa’ CL 2> CLﬂ. c

SYMBOLS
(Reproduced from Reference 2)

A Non-dimensional_acceleration dose
Iy Non-dimensicnal acceleration dose with damping included
Ay,An,Aq Integral measure of an inequality constraint violation
Agq Weighting matrix constant
A2 Defined by Eqn. (7.2.4)
AN Defined by Eqn. (6.2.26)
A(t) Control varjable perturbation mode shape
Q(t; ‘Desired control variable history for a vehicle flight path
At Time derivative of non-dimensional acceleration dose
a, a(t) Instantaneous acceleration
ap Acceleration in direction n ‘
Ba Bank angle
Bii Weighting matrix constant
B3 Defined by Eqn. (7.2.5)
32 Defined as a column matrix by Eqn. (6.2.27), as a
rectangular matrix in Egn. {6.5.1)
c The Cth iteration in a descent
Cp,» CD;E: Cnﬁ, Cnﬂg, CDaB Drag force slopes
Ci1 Weightinz matrix constant
" Ct,s Cp, Cy Lift,. drag and side force coefficients

Lift, drag and side force coefficients
when a=f =0

LBQ’ CLaﬁ Lift force slopes
Defined by Eqn. (7.2.6)

Force coefficients in body axis system

Defined by Eqn. (6.2.28)
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Cy,» Cyag, CYB’ CYﬂz’ CYaﬂ Side force slopes
C¢ Non-dimensional amount of constraint error to be
eliminated in a given cycle
cq Stagnation point heating coefficient
D Any function to which an inequality constraint is to
be added
D Drag force
D Summation defined by Eqn. (6.3.10)
DAZ Algebraic control variable perturbation magnitude
Dyg . Weighting matrix constant )
DP2, pc2 Control variable perturbation magnitudes
DP2. _,DP2 Value of DP° on final trajectory on last and last but
N-1 N-2
E one iterations
DP,2 Trial value of DP2
DP12 Minimum control variable perturbation magnitude which
will eliminate a given constraint error
DP22 Control variable perturbatiocn magnitude when constraints
are unaltered
DT2 Stage point perturbsation magnitude
ﬁb, ﬁi, ) Upper and lower inequality constraints
Dy Time history of D when inequality constraint is not .
satisfied .
Do Time history of D when inequality constraint is
satisfied
af(e),ar Predicted change in a function for a very small per-
turbation
dp8 Combined change in terminal comstraints and initial
state variable values
apgx Combination of 48 and cut-off function error
de¢, dy, 4Q Change in payoff, constraint and cut-off functions
xi
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Oy
d¢o 2 dlpo

F
P, F(t)
Fn

Fxe» Fyer er

f(xi)

£, o, Ty

G, G(t)

grad ¢
g,g(x(T),T)

B(XJY)Z)

Predicted change in ¢ for a step-size of magnitude k

Trial value of d¢ or dy

Magnitude of maximum control variable error
A function to which a point constraint is to be applied

Distance between an interceptor and the first of two
targets

A point constraint
A function which fails to satisfy a point constraint

A function which satisfies a point constraint

Total vehicle force vector

Matrix of partial derivatives Téfi

aXJ

Force in direction n

Components of force in Xg, Ye, Zo system

f, f(xn(t),¢xn(t),t) Function which gives the time deriva-

tive of a state variable

T, £(x(t), a(t),t) Function which gives the time deriva-

tive of a state variable on the nominal
trajectory

Algebraic function of the variables Xj

Functions definin;: the state variables in the algebraic
steepest descent analysls

Ty
aaj

Gradient of ¢ when constraints are satisfied

Matrix of partial derivatives,

Any additional optimization function

An alpgebraic constraint function

xii ’
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H(D-D)

b

bpin

hS

By, hp
I('), 1(+)

Lip Iyer Tyy

I¢¢(t ')) Iw(b(t.)) I¢¢(t')

i

1,k

Ybor Yor Yy
J

KN ¢: KN‘,

Kg

Keor Kyor Kyy
k

K

k(a,i-t')
khigh» Kilow
¥¢TvLs KyTVL
.

L(t), L(t)

L(t?), L(¥)

Loor Lyor Lyy

Heaviside step function used to handle inequality constraints

Altitude
Minimum value of altitude permitted
Height of satellite's orbit

Height of target vehicles in interception problem

Number of regions in whidmk¢ﬂp 1s negative or positive

Integrals of payoff and constraint sensitivities over whole
trajectory

Integrals of payoff and constraint function
sensitivities in the interval t*< t < T

Subscript indicating an element in the 1th row of a matrix
A

Unit vectors in directicn of Xg, Y, Ze

Integrals defined by Eqns. (6.3.15) to (6.3.17)
Subscript indicating an element in the Jth column of a
matrix

Integrals defined by Eqns. {6.2.33) and (6.2.34)
Integrals defined by Eqn. (6.2.14) .

Functions defined by Eqns. (6.4.25) to (6.4.27)
Magnitude of control variable perturbation

Step-size parameter

Acceleration dose damping function

Working limits on step-size parameter k

Value of step-size parameter based on dimensional chanée
of payoff or constraint functions

Lift force

Soluticn to the adjoint equations which at some time
t = T, becomes the unit matrix

Particular values of L{t) at t = t* or T

Integrals defined by Eqns. (6.3.7) to (6.3.9)

xiid
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ng,a,y

o(i’), o(Q}

P].’ P2, etc.

The number of control variables

Mach number

Constants used to improve convergence in numerical
solution of variational equations

Functions defined by Eans. (7A.h.7) and (7.4.9)

Subscript or superscript indicating a typical control
variable

Vehicle mass
Exponent of density in stagnation point heating

Time derivative of vehicle mass

Exponent in approximate step function

The number of state variables

The number of completed iterations

Throttle setting

A direction

Exponent on velocity in stagnation point heatin

Subseript or superscript indicating a typical state
variable

Body axis forces
Orders of magnitude

Argument of an order of masnitude
The number of constraints

Trajectories followed if the errors at the first, second, etc.,
predetermined sampling points are uncorrected.

Suffix indicating a typical constraint

Matrix which transforms state variable perturbations to the
left of the stR stage point into those on the right

xiv
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Q
Qs

Q, Qo, ete.

sdy
T

Ti(-), Ti(o)’ T1(+)

Tg

Ty, T2

Ty% Tp', etc.

Rate at which heat is created at the stagnation point
Product of Pg and X;Qs'

Expected trajectory after errors at first, second, etc.,
predetermined sampling points are corrected for

Dynamic pressure

Radius vector froum center of the earth to vehicle

Range inhibiting force

Planet equatorial radius

Planet polar radius

Suffix indicating r*? and s*M control variables

A switching function

Vehicle reference area

Number of steges being specified directly and optimiied,respectivély.
A typical control variable sensitivity

Typical control variable sensitivities of order R,S,T, respectively
Integrated payoff function sensitivities ’ ‘

Integrated mixed payoff function sensitivities

Suffix indicating typical stage points being specified directly
and optimized, respectively.

Instantaneous payoff function sensitivities
Mixed control variable sensitivities
Trajectory termination time

Upper time boundary on the 1th regioh in vhid:A¢QG
is negative, zero, or positive, respectively

Cut-off point for sth stage in stage ﬁime

Actual conditions at predetermined sampling points along
a trajectory

Anticipated conditions at predeterwmined sampling points
along a trajectory

The independent variable, in this report time

A time point between the time an error 1s noted, t°,
and the trajectory termination

xv
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t!

t'

AL

t'

t4(=), £,(0), ¢4(+)

t's

tmax

%o

U

U, v
u,v,v

Vg, Ver Ve

Time at which an acceleration dose is received
Time at which an error in a desired flight path is detected

Time at which a function which fails to satisfy a point con-
straint is nearest to doing so

A point in time separating regions of differing control
varisble power

Time at which a stage point occurs

A point at which it is desired to impose boundary conditions
on the adjoint equation solution '

Lower time boundary on the ith region in which
MG 1s negative, zero, or positive, respectively

Time at which the s'P stage point occurs
Maximum value of time permitted.
Trajectory commencement time

Weighting functioh used in penalty function technique,
Eqn. (6.4.42)

Augmented payoff function

Velocity components of body axis system

State variables of velocity in X., Y., Z, system
Vehicle velocity vector

Satellite velocity

Inertial velocity

Stage point weighting functions

Velocity of targets in interception problem

Control variable weighting function

Algebraié control variable weighting function
Rotating rectangular coordinate system at cenhér of the‘earth
Velocity components in Xg, Yo, Zo system
Aéceleration components in Xa, Ya, Z, system
Velocity components in local geocentric coordinates
Algebraic variables

Desired flisht path of a vehicle

xvi
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Xy xu(t)s X1, xL(t)

Xur X,

X,¥,2

X1, X2» Xy
x, x (t)

z(x,y)

a, a(t)

am(t)
ap(t), a(t)
al, a2

al: (!2
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xe(t), X A state variable and i1ts derivative used in point
constraint analysis

x,(t) The n'! state variable history

in(t) The nth state variable time derivative

X X1 5 X2 Position of interceptor, and two target vehicles
at t = t,

x(Tg), Xg Value of state variable derivative at 7= Tg

x(t) A state variable history

x(t) A nominal state variable history

x(tg), %o Initial state variable value

x(Tg) Values of state variables at r= Tgq

State varlables which measure the
integrated violation of an inequality
constraint

Time derivatives of Xy X

Body axis coordinates

State variables in algebraic steepest descent analysis

A state variable and its derivative, used in the
penalty function analysis

Side force

An algebraic function which is to be maximized
Control variable, control variable history.
Angle of attack

The mth control variable history

Nominal control variable history

A powerful and a weak control variable

Control variables in algebralc steepest descent solution

xvii
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B

1
AC.‘,

Kﬁi*, PB*’ E-i;r* :

K-ﬁi(c)) ES(C), Eﬁr(c)

ﬁs(‘”); -_P;r(m)

AP?

AT

ATg
ATy
ATy

AU

Af(e), Af

Aai

Aag

Aa*s
Aa(t)
Aa(t?)
A8

A¢, AV
ae(k), ay (k)
aAQ

Al

A\l('),A\(«(*)

P
Axs) AX’

Sideslip angle

Inertial flight path climb angle
Attempted incremental change in C¢ on each cycle

Integral measure of total change in the ith, s'® or
rt control varisble between nominal and optimal trajectories

Integral measure of change in the 1'B, gth o rth
control varjable, between the nominal and CtB iteration

Integral measure of change in the sth or rth control variable
history as the number of lerations increases without limit

Magnitude of control variable correction

Change in cut-off time

Stage time perturbation et the termination of the sth stage
Directly specified stage point perturbétions

Optimal stage point perturbations

Change in augmented function produced by control variable per-
turbation '

Actuyal change in a function during a very small perturbation

Difference between nominal and optimal values of 1th control
variable at any point

Mean control variasble change as the number of interations
increagses without limit

Mean control variable change between nominal and optimal trajectories
A control variable history correction or error

Size of a pulse correction to the control variable history at t = t?*
Defined by Eqn. (III.23)

Terminal errors introduced by uncorrected state variable error
at t = ¢!

Actual change in payoff or constraint functions for a perturbation
step-size of magnitude k

Cut-off function error introduced by terminating trajectory

‘at the predicted time at which =0

Perturbation in the sth stage point cut-off function

Upper and lower bounds on constraint function changes caused
trajectory errors

Additional state variable perturbations specified directly by
at the commencement of the st® stage
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Ax{t?') Error in desired flight path at t = t*

av(-), a¢(+)
Axf,Axf

§U, 8U

é{a¢)

3k

5(t-t')
sx(t)

5x(%)

axs('rs + ATB)

8x,(0), &x,

sa(t), ba

$%a, 8(8a)

6“1J’6asj’6arj

Upper and lower bounds on constraint function changes caused

by trajectory errors

Perturbations in latitude and longitude at commencement of
first stage

Change in augmented payoff function
Change in ¢ caused by a pulse in the control variables at t = t*

Change in control variable perturbation magnitude

Dirac Delta Function applied at t = t°

State variable perturbation

n

State variable error induced at t = t by uncorrected error at t = t

State variable perturbations at the termination of the
sth stage

State variable perturbations at the commencement of the
sth stage

6xs+l('), 6x8*l(*) State variable pverturbations induced by per-

turbations in preceding portion of the trajec-
tory to the left and right of the sth stage
point

Control variable variation (perturbation)
Control variable second variation
Change in the ith, sth or r*h control varta-

ble on the jth descent

6a0 Trial value of fa
da Values of da corresponding to a value k of the step-size
k parameter
dalt)nins 6a(t) ax The maximum and minimum control variable
perturbation magnitudes at any point along the
trajectory
da Control variable perturbation correspondins to DP 2
1 1
6a2 Control variable perturbation which leaves the constraints
. unaltered
L3N Definea by Egqn. (6.2.50)
or Defined by Eqn. (7.b4.1)
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sw(T,)
8,8y , 80

°r

MNg? Mg My,

Aoqs Mealt)

Change in ¥  at 7, = T,

Chﬁnge in payoff, constraint and cut-off functions
Inertial longlitude

Longitude

Sum of a set of vector solutions, or multiple of a solu-
tion, to the adjoint equations

Adjoint variables defined by Egns. (6.2.35) and (6.2.36)
The adjoint variables

The adjoint variable derivatives

Thrust angle rotation

Adjoint variable corresponding to & point constraint
state variable

Adjoint varisbles which do not correspond to a point
constralint state variable

Vector solution to the adjoint equation and its time
derivative

Values of the adjoint variables to the left and right
of a stage point

Ad)oint variables corresponding to the cholce V= x

Value of kxﬂs at Tg = 0

Payoff function adjoint variable, measures sensitivity
of ¢ at unperturbed cut-off time to state variable
changes at t

Constraint function adjoint variable, measures sensitil-
vity of constraint at unperturbed cut-off time to state
variable changes at t

Cut-off function adjoint variasble, measures sensitivity
of  at unperturbed cut-off time to state variable
changes at t

th

Adjoint variables defined in the s stage

Payoff function sensitivity to state variable changes
at t

Constraint function changeé to state variable changes
at t
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¥, ¥(x)

Vg ¥ (T +ATg)

V,, ¥ (T +aT,)
¥y, Vo

¥, ¥(x,(T),1)

¥, ¥(T)

wERR

¢?WD: wBWD

e, Q(xn(T)’T)

Algebraic constraint function
The value of any function of the state var-
iables and stage time at the s'h stage
termination .
Time derivative of Vg

Constraints in algebraic steepest descent analysis

A constraint function

Constraint function time derivative at trajectary

Control system constants, Section I.k.5

Permissable favorable or unfavorable non-dimensional

change in constraints

Non-linearity of constraints
Desired non-linearity of constraints
Desired accuracy of constraints

Constraint function sensitivity to control variable pulse
at t = t', in optimal staging problem

Constraint function sensitivity to perturbations in the
state variable which are directly specified at the
commencement of the stB stage '

Constraint function sensitivity to stage point pertur-
bations

The trajectory final cut-off function

1, a(T) Cut-off function time derivative at trajectory termina-
tion

Q) Qs(x(Ts), Tg) Cut-off fuhction for sth stage

6B(TB) Time derivative of sth stage cut-off function at Tg

a Longitude of ascending node

w Lagrangean multiplier on stage point perturbations .

“p Magnitude of earth's angular velocity |

wp Earth's angular velocity vector

wg Angular velocity of satellite
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wgs @y

b, o(x)
¢, ¢ (x,(T),T)
é, #(T)

Particular values of w used in numerical solution of
variational equations

Algebraic payoff function

The payoff function

Payoff function time derivative at trajectory termination
Maximum permissable adverse change in payoff function

The greatest absolute value of the payoff function over
the preceding iterations

Latitude

Payoff function non-linearity

Desired payoff function non-linearity

Thrust cone angle

Payoff function sensitivity to control variable pulses
at t = t', in optimal staging problem

Payoff function sensitivity to stage point perturbﬁﬁions

Payoff function sensitivity to state variable perturba-

tions which are directly specified at the commencement

of the sth stage

Central angle measured from ascending node

Satellite central angle

Initial satellite central anglé

Lagrangean Multiplier for contfol variable magnitude constraint
dravitational constant

Particular values of u used in numerical solution of
variational equations

Lagrangean Multiplier for terminal constraints
Lagrangean Multiplier usedrin optimal staging analysis .

Particular values of used in numerical solution of
variational equations

Inertial heading engle
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T Stage time
r(a) The length of time that a vehicle or crevw can withstand

Matrix Notation

]

1

[
{ ]
L]
[ ]
[ ]

an acceleration a
Stage time in the sth stage

Longitude difference betveen vehicle and ascending node

Rectangular matrix
ﬁolumn matrix

Row matrix
Diagonal matrix
Transposed matrix

Inverse matrix
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